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Abstract In this paper, the degree of controllability (DOC), an important concept
in control theory, is investigated. Traditional theories are often related to whether
a system is controllable, whereas the DOC can show how controllable a system is.
Based on the survey on existing literature, the DOC is classified into three kinds:
The Gramian-matrix-based DOC, the mode-based DOC, and the state-norm-based
DOC. Furthermore, the DOC subject to control constrains is investigated, based on
which the future possible work is also proposed. Finally, the idea that apply the DOC
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to aircraft design, fault tolerant control, path planning and flight safety evaluation is
given.

Keywords Controllability, degree of controllability, flight control.
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BERT, AT PR R IR AF (2.4) FTRASE (Y N FAIE K
rank Q. = n, (2.7)
Hrp
Q.= [B,AB,--- ,A"'B] (2.8)
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WIERATIRE T R G R MERR Sy B0
i (t) = Az (t) + Bu/(t), (3.1)
Hru=F-G, JtH
t=[hoOYuv,pqgr]  €Rd, F=[Fp LMN]" eR",

a=|Yoxali) cpes g € R®*4,

1
Iy

G =[mag 000" €eR*, J; = diag (—ma, Ju, Jy, J2) ,

Herh floop ARRERE CITHNSENEETMEE, ¢, 0, v 23 ARNREE CITa R
i, AT A RUR A A, T o, g, r A0 A S8 AR B SR KATSR M B me, =B 3R
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HTARE KITHNEBREREE f, I A mE F Lk Lm0
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BAMRESHAFE, B RERG RN R KT H K, MEH S [ 2 2WE X%
H
feF=0K"°. (3.3)
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U={ulu=F—G,FeQa}. (3.4)

HT RS GB1) WaMAAREU SREBERE n,ne, - ,ne MK, T2 HEKE
X ZFEE AR 2R G0 W] 9 A (LS B SR P F4  hE o 0 k  BE5R AR S 0 2 At S . X T
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BAER). ATHIRG (3.1) NS TR T F XA ERRX (3.4) PARE U FATT#E
BE, SCHER (B1] i T —Fh i THESI R F AARE Q MR BRI GER Q2 B on W
/DR, WHRTE RS H BFEH 68 11845 (Available Control Authority Index, ACAI). & 5545
T 2 X

EX 5P AR
min{||X — F||: X € 2, F € 002},

X,0U) &
p(X,0U) {—mmmx—meeQQFemn,
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pa=p(G,00) (3.6)

AR 0 % YR, WS pa WO 5 B

Bl 5 AR GE SR pa

a7 (3.5) WILAY R 2 [ 2 B/ KAT A B2 fwr B A . i TR R AU AL

JE Lk, FF A B ol N R TE B R AL BEAT A WAL B KAl (W 6 i R) TEET A
W RERERA T DA FA LT ARR

@ (t) = Az (t) + Bu(t), (3.7)

HABHBA u=[0c,00,6,,67]" € R* BI# T4 B0 I AL, BIH, J7 0%, A 145 ) 12t
T LT 55 52 R I, 2375 34 B A B P wo = [0e0, 00, 870, 070] , JUI7E L - 45 4b FH
fie, @I, J7 1] fie, A ] A e 2 AR A

de € Ue = [0e,min — 005 Oe,max — Oc0]

0o € Uy = [0a,min — 940, 0a,max — 9a0) ,

0r € Ur = [8r.min — 00, Or,max — 0ro) ,

Or € Ur = [—070, 07, max — O70) ,

HoH e, max, Oe,min 73 A A S FRH O B9 B KB /ME, da,maxs Ga,min 73] 4 SEFRH 00 B 5 K B
IME, Ormaxs Ormin 73 A FEFR O, W B KB /IME, 07 max N EFRH 0r BB RARE. B I,
PEM AN u BT Z AR K

wueld =U, x U, x U, x Urp. (3.8)

ZheR KATABRAE 3.1) WA EER U pa BN, TERBTHREEE AR
AP EEWHFLER MARLE G7) @ ARSMMFER HIEHEERHALR (3.8) T
R EE R DA CITRERRLE. EHERE TR BT (31] 8y ol % B f5 17
p(G,00) HEHEM T —MEER TR 3.7). Bd&FRESH RETUSIEREZ S
T ARG, WA T R UG SCRR (31) 32§ m it AT R, XE T RE A E
HER/METTUEREBRS REM T EE. IR RN EETEN FEER Cirdad—
B RERBR R ARG TEAG N, THEERT oo ARG TRAARECLHE,
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T R A BAAT i 42 1 280 3R 2R RO 2 A N\ 24 SR AR AL B 18 . S e K T 7 BE A AT pa 5 2050
By ] 5 B AGAR pgs pmy BR ps GG AR — 4> 7 2 72 Y ] L.

K6 FER frasER

4 TEEEKTEFHFHER

TERATHE S, AT B TR AT RO, HH R AR K AT & & W E A A A R
W55, 2% T8 o0 W T2 B 49 W] 4 BE A X B U Y B R, S 4R o T R Y A R AT A R A
4.1 kfrEEinit

YIHT BT IR, T B R O AR 0 R ROk 1 R R AR T B AT A D A 2533 34 K
A7 % 45 40 S PR B, AT 4 SCAE THD A 6 5 DA S AA T 45 T 52 Y 24 SRR R TR AT A% 3 AR BLEL Y W]
PP, FE RS RITEY, BR T PUATA AL E SN, A — S i W] AR S8, X S AT LUK HE
A AR HE N #EAT 0. DL RS (2.6) AL BRIX R B 5F 5&IFSE0 MKW
TR MAZRETERUE N

zt)=A0)x(t)+BO)u(t),

ARG FEER T A FEREE AO) M1 B(0), HIEREAEEILH p(0). R 6 6 CR,
He 0 APATAREES R 0 WA R, r A 0 TTRIDEL WAL o] 72 B R AL KT
BEVEAY I, AT DL 45 D9l 2 I 9 AT AR BT AR EL B2 R0 A5 o (0) K

67 = argmaxp (6),

Horr 0% 15 RAT A% R MIRI T 5 B B KA BT AR L B S 4L R Bt i BB B M 2 4L
4.2 BEITEHE

G KATEREILERGE T I Z OB, FFEW R m A T KRB KT8 22
PUAT 75 50 A 00 T A 2 1 88 B B R (ELIRE I TR 2 T A6 A R A T LA 28 5 o O B Ofe A
B MR —ANWERASS, REVIRTTEE, (R B H™ E— SR, R R A& I8
L, JX AR I 5 M 7E S5 B RN ZT B B B OR T B A G S SRR AN B BT LA, TE BT A
AT 7 ) SR B T LA S % R AT R B R R R R R SRR, AR T B XA R
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— R B3R R S T 2 B A 1 R W 1 T, BT B 5 FE VR T RE EE A o A R L IR R BRIR. S
Bt [31) 41 T ZHEHE AT HAE G TR 2 Bk LN B9 R 40T B R AR L R S
W BN ZHER AT BT A T A e, AT DA X R 9 B R — R R e R 4k R AT
T, DT 3B G 76 AN T S B 25 48 P ) 2 T LRE SRS 7.
4.3 iITRekERE

KATRRAE RATH B, RESZESNASE I E W LHIEmMAE —ERER, R
G AR R EEE. RAE AT AT R, BT DA SERAS T AN T H A KD, SRR
45 WP B A AR AL, DA SR T TKAT # A9 B e IR N RAT B RS 4 B D SR AR AL KA. SCEk [36]
WFSE T — Pl oF DU € 32 K A7 25 42 11 A8 0 78 4 PEA O v O O JEUARL I S B RS U DU 5 38 R AL
B R R B, DA T S R R M R AR A SR B R A, 7E AT DY e B B LR AR R S R e
THERRRE, FIESPATIRMES . BRI HER AT 37 85 BOIR S TR # B o, N
WajE R AT AT R BE S B TR

k4]
P (z,p,e) = max (1 — E—pS,O) ,

He o BRGELHCRES, RE e AEHIBERRE cps MURARES LR BT LR #E
R R A S B R T e B, BT DA R B e SRR R I RE h 52
B A 2. R % e AT RAAI A Monte-Carlo {5 B J7 1 15 5] ().

bR AT R, BT KITERIEEERE KITR2MRHE R R KITH T
B2 B S T80 R A AT R pa, KATH & LB EFEHE AR A S, T

S = hs (Pdv U) )

Hor hy (pa,o) RATFEE D REAM S KT REMELHSHE KITREBZ A RER AR, pa
AT HAERBEZFMESR T T ATEE, o 85 T Re iS5

4.4 HEMTTHEA

B 7 5T EF R 7 5 A A A )

] BE A W] DAL R AE K AT AR B LR TR R . 2 TRAT A BUAT SR, 1 IR AT AR
EW BRI BT R C 2 A HE M. BB, AR EXN TR ETEREF &l
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B A AT R PIRAS 48 1. SCRR AP I 5 38 KL 17 I P B0 7 400 w4 o e oL ) (LT 7) )
IS4 R R AR A ) 1B

N
{th}lenll‘nz:12 ,NJ = ; (w1Xz + w2Atz) , (4.1)
Her N Y HTALE B E AR AL E BT 7B R TR SN w1, wo ANERE, xi AE i ANELF
ARSI B L AR R, Aty RS o D ECTR S T E 4R A9 ], X A0k ] BB 2 T 5 4
w

N

X0 + E XlAtz = Xg>
=1
N
ho + > hilt; = hy,
=1
N . 1.
1 sin (—xiAti)
x +E ViAticos | xi—1 + =XiAl; | —2— 22 —
0 o 7 ) <X1 1 2X1 1> %XzAtz g
N . 1.
1 sin (—xiAti)
Y ViAt;si 1+ = XAt | — 2 =
Yo + r [ ¢ SIn <X1 1+ 2X1 1> %XzAtz Yg,

seof {Viohotah € 1) 4500 UL B TS 1, F W SRR R, Vv = VB =
hgs XN = Xg, AR g T KWL A F] 3K B A SR A, xo, hos o, yo 53 5 61 #4 B
WLE AR AT f, & B, DA R db i R g O B A B AL 72 (4.1) R8T #75 & /0 Fl B 8] % 48 X
B, HEMRPRESES T PEHRREFRETRESFEERETEESEMR/D. B,
7R SCHR Y — FhA] A7 B 5 22 5 TR T olR A AT R A A B AL T i
N

i 7 = 2 (o wa A =) “2)
Hr o, HROESE « PEERES TETGE, RERE R E.

ZEE RS RG] ¥ A Ak 5 (4.2) ANJ6TT AN AE B 2 0T 3% 30 & b,
WA B — g R i . AR R S E R RS BN EEREL2ER, I
Y A
5 M 4

ey -0

A% SO L P B B 58 R AT PR BT R SR 0k, SRR B A Y T 2 AT T B Ay O T AT 4
Gramian A i 7] B, BEAS AT 9 B, RS VERORT # BE =98 O T 2R W AT % BE A SE B o 9
. 2 SCLAPT AN AS 7] Y B 2 {8 32438 ) of 3 T 2 BE A b A8, L A 0 W T R Y T L
TESCHR BT FE MR BF 75 TARRY 2Emt b, ACEFEE TR T M A\ Z R ARG W] 7 E Mo 7S, I
Fi H I 5 2 1 A N 52 B A X R 249 R LA B D 24 SROPR L TS Y T B T 4 A S B R R O
BEAEEFREEMES R, A0 T AT EEE TR0, 28 RITEH, MR, X
1742 2 WP U R B A 8 B DA SR S T AT B I . e R 2 9 ) R AT AT 90 B O A
B S FE AR T R B — RV R, DA A %4 i e S Y T B 45 R R A P R A
B LR LR R G0 75 B AR SCHI AR R AR
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