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DEGREE OF CONTROLLABILITY AND ITS APPLICATION IN

AIRCRAFT FLIGHT CONTROL

DU Guangxun QUAN Quan

(School of Automation Science and Electrical Engineering, Beihang University, Beijing 100191)

Abstract In this paper, the degree of controllability (DOC), an important concept
in control theory, is investigated. Traditional theories are often related to whether
a system is controllable, whereas the DOC can show how controllable a system is.
Based on the survey on existing literature, the DOC is classified into three kinds:
The Gramian-matrix-based DOC, the mode-based DOC, and the state-norm-based
DOC. Furthermore, the DOC subject to control constrains is investigated, based on
which the future possible work is also proposed. Finally, the idea that apply the DOC
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to aircraft design, fault tolerant control, path planning and flight safety evaluation is
given.

Keywords Controllability, degree of controllability, flight control.

1 ) &V℄� [1] `$8h Kalman �DD<,  RMT:�V℄�F����5f:�wQV℄�. V℄���O℄2m�7W=A`$8!D,  ��Æ℄2wQK��s�qnmwQ`�6Ij�0=A`OQ. V℄��+�($8, D+wQA�V℄A�#V℄. �Æ���ÆwQ�, V2vv[�?`iE: D+wQ#V℄, &H7D+%�M`/"� ε > 0 f�^V℄. ~e, �nD+Æ` ε wQ��m�yV℄, TE+;OQy-#� “V℄”, �V℄`6z#(. ���7, �Æ�M0v#A ^wQV℄`6z, E�0HV℄`6zMÆ[.�b�`℄2!sK�=/%�M/. D+V℄6z(`wQ, E+;OQy-4oMMT℄2J[E[`�2. A"&wQV℄`6z, E#AD+q|l`V℄�.|)� [2], ��e7&�+V℄�.|)�Q4^V℄z.NE Kalman �DD<V℄zKf, e�7<��M|CnV℄z`6B [3–5].V℄z���℄27Ij�0=A`\�(. 20 �� 70– 80 6O�QXI
,M|a� [5], M�q�XIM#AD;2:z|V℄�`)�ffl%�}9`�//, E�j�`%�M=V2^wQD84M`℄22w. wQ�ÆT67GHwQV℄zMÆf.�!s^!<E�_wQ4oM℄2, wQ�ÆY5f'OÆ℄2wQ`�Æq��. 8IX[XI%`�
K�X[XI�t��%`#X, oH℄2 [6−9] OÆ_[M�`JCD, �wQG�=�Uaz`V℄� (e�7C4^V=9� [10, 11]) C�%�[M�`CD. ��y,  #�:j`=�wVKoH℄2-�f"2. rSD+=���fwQmeV℄T�V℄`6z#(, 	�+=�`_	���7 #oM�-#V2�oH℄2-�"2. ZC, wQ�Bq=�z`V℄zVKf�,#O=�`V=96z, E�)Z℄2wQ�Æ�.�b�`oH℄2MxoH℄2-�f"2=��wQ�5`_	.Jj`V℄z6BMw�jR�wQ℄2!s��`Ua. ��ywQ`℄2!sw�[nm}( (M0��(}(x�l5�}()[12, 13]. e� [5] 6B�wQ!s�[�4}(�wQ`V℄zqQK�Æ6.  u ∈ R ��D+D`wQ`℄2!s, 	�4}()`��r u ∈ [−a, a] , a > 0 `}(. ��7, wQ!s00�[#�4}( (�r
u ∈ [−a, b] , b > a > 0) �-��}( (�r u ∈ [0, a], x u ∈ [−a, 0], a > 0), �;Uaz`V℄z6B7b}��. Z^�[kO}(`wQV℄�#88AXV℄�F��5, pAXwQ�VH;K$ [14−17], :KHV℄z`6B��/.�e�o6�Ce�`z?y�Jj`V℄zqQ^Æ6Æ�9�R&,  T0�j6B7v[`iEK�V2`2M/. ��wQ!s�[kO}( (�d�4}(, #�4}(, ^�}() �`V℄z6B#V`�F, �eI=6B�q�!s��wQ`V℄ziEK�V2`2M/. �e`AA6Yrz: 1) �|o6^T0�Jj6B7`V℄zqQ^Æ6Æ�, ��sm2`z?y&Jj`V℄zAA�^vj: znV℄� Gramian



1580 x R T 0 r , 0 34LF�`V℄z, '<V℄z, F<�+V℄z; 2) �e6B�q�℄2!s�[kO}(wQ`V℄zqQK�Æ6Æ�,  .<V�`2M/; 3) .<V℄z���℄27Jj`^V�`\.

2 ��j�%�AAo6^T0Jj6B7V℄z (�fe7QD ρ ��) `qQ^Æ6Æ�,  &HAA�^vj: znV℄� Gramian F�`V℄z ρg, '<V℄z ρm, F<�+V℄z ρs. �%��|.<Q	Wt� [18]`sM, �e�R&V℄z�vK!Wt�'�^s9�-$.

2.1 bt�^Wt�wQ"T 1 :�, Æ36|^ Ma=1.096kg, Æ3)&w+^ b = 0.1N/m·s, �'6| ma=0.109kg, =w�5z g = 9.8m/s2, φ ��'q*#�yB�`�* (rad), Fu ���Æ3y`℄2 (N), O − e1e2 �*#A [�w. ��Æ39I e1 Æ�`I^ x1, �'6|N�R�'
1^ l, 	�'EuF|^ J = 1
3mal

2kg·m2.

am gaM 1eOu l2e
U 1 R
Xu�xR�PUrS℄2| u �i���`, 0H�:k� ^D+	\��``i4oM℄2Q	Wt�. ^�:��+0����, z ��i���w`u<T6�D+D.F�o/

Fu =
1

Tas+ 1
u, (2.1)H7 u ^M0��.<`℄2)�, Fu ^������Æ3y`w, Ta ^iEM0�<)�[�Y5uY`	\��. 0He� [18] ^u<T6 (2.1), T 1 :�Wt��Adi

φ = 0, x1 = 0 A`��+/'�^
Σ0 : ẋ = A0x+B0u, (2.2)
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A0 =



















0 1 0 0 0

0
−(J+mal2)b

J(Ma+ma)+Mamal2
m2

a
gl2

J(Ma+ma)+Mamal2 0
(J+mal2)

J(Ma+ma)+Mamal2

0 0 0 1 0

0 −malb
J(Ma+ma)+Mamal2

mgl(Ma+ma)
J(Ma+ma)+Mamal2 0 mal

J(Ma+ma)+Mamal2

0 0 0 0 − 1
Ta



















,

B0 =
[

0 0 0 0 − 1
Ta

]T

.^��$V℄z`Y, �e�fe7v��.<i`	\�� Ta = 0.2s ^ Ta = 1s�Wt�`V℄z. i`	\�� Ta = 0.2s �, wQ (2.2) V"�^
Σ01 : ẋ = A01x+B01u,H7

A01 =



















0 1 0 0 0

0 −0.0890 0.7132 0 0.8903

0 0 0 1 0

0 −0.2671 31.5397 0 2.6708

0 0 0 0 −5



















, B01 =



















0

0

0

0

−5



















.i`	\�� Ta = 1s �, wQ (2.2) V"�^
Σ02 : ẋ = A02x+B02u,H7

A02 =



















0 1 0 0 0

0 −0.0890 0.7132 0 0.8903

0 0 0 1 0

0 −0.2671 31.5397 0 2.6708

0 0 0 0 −1



















, B02 =



















0

0

0

0

−1



















.

2.2 r0}�$ Gramian z5d}�hq�jV℄z�C`e�AAje� [2, 3, 19]. R�D���wQ
Σ :

{

ẋ (t) = A (t)x (t) +B (t)u (t) ,

y (t) = C (t)x (t) ,
(2.3)H7 Σ ^����wQ, Σ1 ^���#�wQ, x = [x1, x2, · · · , xn]

T
∈ R

n ^F<�|, u = [u1, u2, · · · , um]T ∈ R
m ^℄2!s�|, y = [y1, y2, · · · , yr]

T ∈ R
r ^!<�|,

A ∈ R
n×n, B ∈ R

n×m, C ∈ R
r×n ^w+F�. � Φ (t, t0) ��wQ Σ `F<EIF�. ZCwQ Σ � t0 �YV℄`:AK$^G�j��� t1, t0 ≤ t1 <∞ _

rank Wc (t1, t0) = n, (2.4)
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Wc (t1, t0) =

∫ t0

t1

Φ (t0, τ)B (τ)BT (τ)Φ
T (t0, τ) dτ (2.5)^wQ` (gDj) V℄�F�. rSwQ���#�, 	wQ (2.3) V"�^z���

Σ1 :

{

ẋ (t) = Ax (t) +Bu (t) ,

y (t) = Cx (t) .
(2.6)C�, V℄�:�K$ (2.4) VK�^z���

rank Qc = n, (2.7)H7
Qc =

[

B,AB, · · · , An−1B
]

(2.8)^ (g�j) V℄�F�.V℄�;qAA�:���G� t1 ≥ t0 _V℄�F� Wc (t1, t0) x Qc �KU. #V`���;qK$ #2.<wQ`V℄z. hn Wc (t1, t0) qWf℄27`WÆ2|iE�C [2], :KVKMT�s�qV℄�F�`�6f6BraÆ6wQV℄z. .q;ÆK$ x (t0) = x0, ��wQ�?q��Y� [t0, t1] yV℄, 	&wQF<E x0 ℄2[ x (t1) = 0:#A`WÆ2|^
E (t1, t0, x0) = min

u

∫ t0

t1

‖u (τ)‖
2
dτ.�+iE+j�wQV℄�'V2, RWÆ℄22|hz�.<

E (t1, t0, x0) = xT
0W

−1
c (t1, t0) x0.ZC E (t1, t0, x0) VKY^wQV℄z. rS�n.q`;ÆF<, rS&wQ℄2tyi:#`2w�Æ, -$wQ�oM℄2, V℄6z�(. T��;z|Ggn;ÆF< x0.^�[n� x0 `Gg, e� [19] 6B�&wQE;ÆF<W {x0| ‖x0‖ = 1} ykOi℄2tyi:#WM`WÆ℄22|^AN℄22|, K��.qWM℄22|`QDzwQ2:℄2tyi`;ÆF<WM�℄, ��.<�z v;V℄z)�

ρg1
= λmin (Wc (t1, t0)) ,

ρg2
=

n

tr
{

W−1
c (t1, t0)

} ,

ρg3
= n

√

det (Wc (t1, t0)),H7 tr
{

W−1
c (t1, t0)

} )`�F� W−1
c (t1, t0) `�. V℄z)� ρg1

q&wQE;ÆF<W {x0| ‖x0‖ = 1} ykOi℄2tyi:#WM`WÆ℄22|jC, WM`WÆ℄22|hz�.<
max

‖x0‖=1
E (t1, t0, x0) =

1

ρg1

.V℄z)� ρg2
q&wQE;ÆF<W {x0| ‖x0‖ = 1} ykOi℄2tyi:#WM`AN℄22|jC, AN℄22|hz�.<

E (t1, t0, x0) =
1

ρg2

.
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q�.qWM℄22|`QDzwQ2:℄2tyi`;ÆF<WM�℄jC, ��℄22|�2� E (t1, t0, x0) ≤ 1, 	2:℄2tyi`;ÆF<WHH�q ρg35��, H�hz�.<

V =

∫

xT

0
W−1

c (t1,t0)x0≤1

dx0 = Kρg3
,H7 K > 0 ^�sZM.Q .<`�v;V℄z)�wGgn��Y� [t0, t1]. �n�#�wQ, ��)�wVKEl^q��lC`�� [19]

ρg1
= λmin

(

QT
c Qc

)

,

ρg2
=

n

tr
{

(QT
c Qc)

−1
} ,

ρg3
= n

√

det (QT
c Qc), (2.9)H7 Qc h� (2.8) .<.rV℄z)� (2.9) ���qQ	Wt�wQ Σ01 ^ Σ02. wQ Σ01 `v;zn

Gramian F�`V℄z��^
ρg11

= 0.5100, ρg21
= 1.6023, ρg31

= 747.3991. (2.10)�wQ Σ02 `v;zn Gramian F�`V℄z��^
ρg12

= 0.2044, ρg22
= 0.7079, ρg32

= 29.8960. (2.11)E (2.10) ^ (2.11) VKQ<wQ Σ01 �wQ Σ02 `V℄`6z4(, CVK-wQ Σ01 �wQ Σ02 4oM℄2.#A)<`�, znV℄�F�`V℄z #�+jy v;, Ere� [19] )<`,Kyv;V℄zwVKe
^�;j3`��, wVKf	`wQV℄`6z. znV℄� Gramian F�`V℄z*lwQ)`�2|Wf℄2M. ��7, pj��Wf℄2M^g�\Wf℄2M. �V, znV℄� Gramian F�`V℄zr`�ufNwQ09,  �jR�wQ℄2!s��`Ua,���7}(��eG�`.

2.3 ��}�h
Hamdan �znB�(xB��|` Popov-Belevitch-Hautus (PBH) V℄�:�K$`z?yD<�'<V℄�`z|Æ�, 5^'<V℄z [4]. '<V℄zAA�zn PBH�: [4, 20], +2�nwQF��j=�B�0`Ua. PBH B��|�:f;qwQV℄�`z�ym�: rS!sF� B `kOD� bj qF� AT Cng i +'<`B��|

qi #B#, -�wQ`g i +'<V℄, �p`'<qwQ#O`B�(DD�\. F� ATqB��| qi `Cwrz
ATqi = λiqi, i = 1, 2, · · · , n,H7 λi, i = 1, 2, · · · , n ^F� AT ` n +#O`B�0.��wQF��j=0, F� AT :j`B��|`Æ� ηi = qi

‖qi‖
wVKq, 	wQg i +'<`'<V℄zÆ6Æ�rz

µi = ‖fi‖2 ,
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fi =

qTi B

‖qi‖
.-�, VKqQ�+wQ`V℄z)�

ρm = min {µ1, µ2, · · · , µn} . (2.12)rV℄z)� (2.12) ���qQ	Wt�wQ Σ01 ^ Σ02. wQ Σ01 ` 5 +B�0��^
λ11 = −5, λ12 = −0.0830, λ13 = −5.6191, λ14 = 5.6130, λ15 = 0.H�\`'<V℄z^
µ11 = 5, µ12 = 0.8319, µ13 = 3.0455, µ14 = 0.2170, µ15 = 0.8157,	wQ Σ01 `'<V℄z^

ρm1
= min {µ11, µ12, µ13, µ14, µ15} = 0.2170.wQ Σ02 ` 5 +B�0��^

λ21 = −1, λ22 = −0.0830, λ23 = −5.6191, λ24 = 5.6130, λ25 = 0.H�\`'<V℄z^
µ21 = 1, µ22 = 0.6709, µ23 = 0.1024, µ24 = 0.0696, µ25 = 0.6372,	wQ Σ02 `'<V℄z^

ρm2
= min {µ21, µ22, µ23, µ24, µ25} = 0.0696.hn ρm1

> ρm2
, :KwQ Σ01 �wQ Σ02 4oM℄2.M0Uaz, wQWÆ`'<V℄z)��fVYwQV℄z)�. T�e� [20] )<, rSV℄zWÆ`'<�wQ!<_	Æ, -��+Y^wQV℄z)�E�j��OQ, :K\!&wQ�2R�9[, qQD+�`V℄z)�. e� [20] 0b Hamdan`'<V℄z`.|)�K�'<5��q [21, 22] D<D;2:O�	\'<V℄zK��+'<�!<_	6z`V℄z. '<V℄z��wQ:jB�0�U, T��UazwQF�Ij=B�0, Q D<`'<V℄zE#��. �V, '<V℄zC�jR�wQ!s��`Ua.

2.4 <�k�}�hznV℄� Gramian F�`V℄z*lwQ)`�2|Wf℄2M, ��2���)�`\. zn PBH �:`'<V℄z+2�nwQF�B�0�U`Ua, �j=0`�e#�x�/\. ^�2M��iE, Viswanathan, Longman ^ Likins znwQ�r��� T 1Vr�`F<�bD<�D;�`V℄�z|Æ� [23, 24].�����#�wQ (2.6) `℄2!s u �Vz�}(
u ∈ U = [−1, 1]

m
,	wQ (2.6) ��� T 1r�t`qQrz
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R1 (T ) =

{

x (0) |G� u (t) , t ∈ [0, T ] , |ui| ≤ 1, i = 1, 2, · · · ,m, _ x (T ) = 0
}

.ZCVqQF<�+V℄zrz.g( 2 wQ (2.6) ��� T 1`V℄zqQ^
ρs1

= min
x(0)/∈R1(T )

‖x (0)‖ , (2.13)H7 ‖·‖ ^:��+, ��e7 4F<�+V℄z.K�`wQ^s, V℄z"T 2 :�.1s 1R T 1x2xOU 2 G=�,W^{�PU (U8 R1 (T ) _s�u, ρs1
_W^{)V℄z ρs1

*lwQ)`���Wf℄2M,F<�+V℄zpVKe
^wQ)2|Wf℄2M^g�Wf℄2M`Ua [27]. �|.<#O℄209z`r�tqQ [27].g( 3 wQ��� T ^.qg� F }(z`r�tqQ^�b
R2 (T ) =











x (0) |G� u (t) , t ∈ [0, T ] , |ui| ≤ 1, i = 1, 2, · · · ,m,
m

∑

i=1

∫ T

0

|ui| dt ≤ F,_ x (T ) = 0.









�\`F<�+V℄zqQ^
ρs2

= min
x(0)/∈R2(T )

‖x (0)‖ .g( 4 wQ��� T ^.q2| E }(z`r�tqQ^�b
R3 (T ) =

{

x (0)

∣

∣

∣

∣

G� u (t) , t ∈ [0, T ] ,
1

2

∫ T

0

uTudt ≤ E, _ x (T ) = 0

}

.�\`F<�+V℄zqQ^
ρs3

= min
x(0)/∈R3(T )

‖x (0)‖ .F<�+V℄z�zn��Wf℄2iED<f`, e� [25] &He
[��Wf2PiEy. ���7k�/_[?`r�t, ZCl�_[F<�+V℄z`?(.e� [24] .<�D;F<�+V℄z`;ÆÆ�, T��+;Æ(�V℄z`y4(. �nwQÆ6��H'<��`wQ, �+;Æ(-<��(. T��nwQÆ6^D������*��`wQ, k�l�q�+;Æ(���(`�<Ua, ZC#AD;�`;ÆÆ�. e� [26] MT�z)wQlxl, .<�D;V℄z`��;ÆÆ�. e� [5] �F<
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qznV℄� Gramian F�`V℄z�D.`, +�z|)�#O.rV℄z)� (2.13) ���qQ	Wt�wQ Σ01 ^ Σ02. ��℄2|}(^

u ∈ [−5, 5], Zr��� T = 2s, 	re� [26] 7.<`V℄z��;ÆÆ�VÆ6_[wQ Σ01 `F<�+V℄z^ ρs11
= 0.4215, �wQ Σ02 `F<�+V℄z^ ρs12

= 0.1108,ZCwQ Σ01 4oM℄2.Q :&`F<�+V℄zN#2_[?(, +2_[H;Æ(. e� [28] ��}(V℄� [15, 16] 6B`z?y.<�F<�+V℄z`?�J�. ��wQ (2.6), ��wQ℄2!s}(�^ U , 	��� T 1`V℄zqQ^ [28]

ρ (T ) = min
‖z0‖=1

[
∫ T

0

max
u∈U

(

uTBTz (τ)
)

dτ

]

, (2.14)H7 z (·) ^	8wQ
ż (t) = −ATz (t)`2, ;ÆK$ z (0) = z0. V℄z (2.14) O�R����WfK�℄2!s}(, �R℄2!s}( U VK�kOUa (�4}(, #�4}(, �}().

2.5  xRy:&, V℄z`MÆ	\�wQ+/'�V℄`6z. ,Q6B7Jj`V℄zAA�^vj: znV℄� Gramian F�`V℄z, '<V℄z, F<�+V℄z. vjV℄z`UO"� 1. �nQ `Wt�wQ�Vi`	\��E Ta = 0.1s [ Ta = 2s !��l�`V℄z�lUaV+"T 3 :�, H7���� ρg1
, %��� ρm, i��� ρs1

8 Ta `�lUa. ET7VKQ<, i`	\���`, V℄z�M, Wt�wQ�oM℄2; V℄z�Æ, wQ�/℄2; rSV℄z^�, 	wQ#V℄. ZC���wQ�ÆT67, q%�M`+,^;jf, Afl%�M`/_wQV℄z=V2`M.� 1 wkBBW^{VP���
ρ

{oW^ GramianG�aW^{ (=W^{ G=�,W^{�K� ρ = ρ (Wc (t1, t0)) ρ = min {µ1, µ2, · · · , µn} ρs = min
x(0)/∈R(T )

‖x (0)‖gj F3}+{S�W^{, �7!�,onPR%d {o PBH �;,�7��!R FW^aG=+{S�W^{, 5$E, �SS�^3"t��aVbaj bS�xR"t~) ,3�do�k>C�1axR, bS�xR"t~) �7��, Hhos�	� T
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℄	�F Ta = 0.1s \ Ta = 2s "��m	a$PW^{�mVb

3 ������f��jQ :R&`V℄zM%�w�jR�wQ℄2!s}(�wQV℄�`_	, ���wQ`℄2!sz�yw��. e� [5] 7`F<�+V℄z+R��!s�[�4}(`Ua, e���wQ00�[#�4}(�-��}(. e� [28] .<`F<�+V℄z?�J�, VK�n!s�[kO}(wQ`wQ, T�#A9�{Dfl'2_[0S,  RF<�+V℄zGgnr��� T . e� [29] �F<�+V℄zlx;ÆÆ� [26]`z?y, &V℄zlx;ÆÆ�E U = [−1, 1]m `Uae
[� U = [a, b]m , a ∈ R, b ∈ R`Ua,  R.<�V℄z`lx;ÆÆ�. ��V℄zz�y$nF<�+V℄z, Ggnr��� T , � T `Z(#O�F<�+V℄z#O. ���7, k�00#AD;#Ggnr��� T  R2:R�kO!s}(`V℄z, z �e&6B�q#Ggnr��� T `V℄z. 1e 2e3e
1f

4f 2fR o l l5f 6f 3fbO
U 4 Ek�,X��N�PUR�DjrT 4 :�`
+W��M, H℄2|^
++WD8`�w f = [f1, f2, · · · ,

f6]
T, MT"�#O+W`�wf����M`L<℄2^(z℄2.T 4 :�
+W��
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ẋ (t) = Ax (t) +Bu (t) , (3.1)H7 u = F −G,  R
x = [h φ θ ψ vh p q r]

T
∈ R

8, F = [FT L M N ]
T
∈ R

4,

A =

[

04×4 I4

0 0

]

∈ R
8×8, B =

[

0

J−1
f

]

∈ R
8×4,

G = [mag 0 0 0]
T
∈ R

4, Jf = diag (−ma, Jx, Jy, Jz) ,H7 h ^ vh ^
+W��M`(z^(zÆ�`5z, φ, θ, ψ ��^
+W��M`PE*, �>*^?X*, � p, q, r ��^v?*5z. 
+W��M`6|^ ma, v?EuF|��^ Jx, Jy, Jz. ℄2| F `�+w4��^}HT�w FT , ^v?wF L,M,N . =w�5z^ g.hn
+W��M`#-℄2|� f , w^wF�| F ��y�hz�.<
F = H (η1, η2, · · · , η6) f, (3.2)H7 H^q
++W`��w+ η1, η2, · · · , η6�C`℄2��F� (IH+Re� [30]). ��
++W++�O, �++W2:D8`WM�w^ K, 	℄2| f :�`}(hz�.<

f ∈ F = [0,K]
6
. (3.3)ZC F :�`}( Ω hz�.<

Ω = {F |F = H (η1, η2, · · · , η6) f, f ∈ F} .℄2| u :�`}( U hz�.<
U = {u|u = F −G,F ∈ Ω} . (3.4)hnwQ (3.1) `!s}(� U q+W��w+ η1, η2, · · · , η6 �C, l�qHIH��. �[kO}(`wQV℄�#88AXV℄�F��5pAXwQ�VH;K$. �nwQ (3.1) wQV℄`:AK$ [14] �

1) rank Qc = n, H7 Qc =
[

B,AB, · · · , An−1B
]

;

2) #G� AT `�B��| v _ vTBu ≤ 0 �:j` u ∈ U 5t.e� [30] ry&V℄�:AK$�q�
+W��M (3.1) �jD++WL}�`V℄�, 0S�$V℄�F� Qc �5, T���M#V℄. ��Z^D++WL}f, wQ
(3.1) �[`}( U �^�}( (+2D8�?XwFx ?XwF, wF� qL}`+WjC). ^�_[wQ (3.1) #Ggn�� T O�mVKR�� (3.4) 7}(� U �`V℄z, e� [31] .<�D;zn℄2| F `}(� Ω `V℄z)�: G Kl Ω `�4 ∂Ω `WÆKl, C4YwQj�℄22w)� (Available Control Authority Index, ACAI). �|.<rzqQ.g( 5[31] qQ)�

ρ (X, ∂U) ,

{

min {‖X − F‖ : X ∈ Ω , F ∈ ∂Ω} ,

−min
{

‖X − F‖ : X ∈ ΩC , F ∈ ∂Ω
}

,
(3.5)



12F xH2d: "t��xRaW^{�I���^38a℄d 1589H7 ∂Ω ^ Ω `�4, ΩC ^ Ω `"�, 	wQ (3.1) j�℄22w)�^ ρ (G, ∂Ω). )�
ρ (G, ∂Ω) �Dq6zy	`��+W��MwQ℄2`/M6z,  RVKoM`e
[�r (3.1) D���wQ7, ZCVKY^wQ (3.1) `V℄z

ρA = ρ (G, ∂Ω) (3.6)rS Ω ��``, 	)� ρA rT 5 :�.

Ω
Ω

U 5 k�^33x*� ρA)� (3.5) VKe
[?qW��M [32] `V℄��q7. hn?qW�}'�`(z���, H℄2M�Æ�M0��=AiA9�`. 0K?qW�} (rT 6 :�) �=AiA`wQ+/'�VKz�������
ẋ (t) = Ax (t) +Bu (t) , (3.7)H7℄2!s u = [δe, δa, δr, δT ]

T
∈ R

4 `-w4��^�(�, �W, Æ��, ^i�℄2|.�=Ai<Y5=A�, v_[℄2|`=A( u0 = [δe0, δa0, δr0, δT0]
T
, 	�=AiA�(�, �W, Æ��, ^i�℄2|`&Q}(^

δe ∈ Ue = [δe,min − δe0, δe,max − δe0] ,

δa ∈ Ua = [δa,min − δa0, δa,max − δa0] ,

δr ∈ Ur = [δr,min − δr0, δr,max − δr0] ,

δT ∈ UT = [−δT0, δT,max − δT0] ,H7 δe,max, δe,min ��^��7 δe `WMWÆ(, δa,max, δa,min ��^��7 δa `WMWÆ(, δr,max, δr,min ��^��7 δr `WMWÆ(, δT,max ^��7 δT `WM}((. ZC,℄2!s u `:�`}(^
u ∈ U = Ue × Ua × Ur × UT . (3.8)�+W��M'� (3.1) `V℄zVK)� ρA ��, AA_SnHwQF� A +jD+=�`B�0. �wQ (3.7) M0j�+B�0, ZCH�℄2!s}( (3.8) z`V℄zA��+W��M���. Y��f)6Y7ve
e� [31] 7`V℄z)�

ρ (G, ∂Ω) H�nD�?qW��M'� (3.7). MTKU(�2, wQVK�2^�+MwQ, ��+MwQwVKe� [31] D<`Æ�Æ6HV℄z, ��MwQV℄z7`WÆ(VKQY�+wQ`V℄z. �?e
f`V℄zVK�n?qW��MD���wQ'���`wQ. #A)<`�, V℄z)� ρA +2�nwQ'�J�q,



1590 x R T 0 r , 0 34L�+j%�M℄2��w+^℄2!s}(G��l`Ua. ra&V℄z)� ρA q�k`V℄z)� ρg, ρm, x ρs 0bLfC�D+#A6B`iE.

by
bzbx bO rea

U 6 �rX��N�PU
4 ��j3n#�8:f,/���℄27, V℄z���M�Æ, ℄2wQ�Æ^���^�℄7wj�\`\6B. �%�&AA5~V℄z����t7`\, ?�V℄z`H;V�`\.

4.1 l!�urQ:&, V℄zWOÆ`#XfNq�XIM�Æ`%�M=/iE [25, 33, 34]. ���M09���, %�Mx� `/K�%�M:�`}(w���Mu<'�`V℄�/�_	. �wQ�Æ�, >�%�M/V, pjD�H;`V�++, ��wVKGHV℄zWf`H	9��Æ. KwQ (2.6) ^s, ��w+F� B Vjq�Æ++ θ �C`w4, 	wQF<Æ6"�^
ẋ (t) = A (θ)x (t) +B (θ)u (t) ,�wQV℄z`Æ6#AF� A (θ) ^ B (θ), ZCwQV℄z�^ ρ (θ). �� θ ∈ Θ ⊂ R

r,H7 Θ ^%�M=/++ θ `V��℄, r ^ θ w4`++. 	WMlV℄zffl��M�Æ`iE, VKT0^MTo/��M%�M=/++ θ _ ρ (θ) WM,

θ∗ = arg max
θ∈Θ

ρ (θ) ,H7 θ∗ ^_��MwQ'�V℄zWM`%�M=/++, C��Æ:v[_[`++.

4.2 
al!�6oH��℄2��6f_[�J`6B,  R6B7<��M|2:���M�[%�M=�Uaz`℄2M�Æ%. T� #�:j`=�wVKoH℄2-�f"2. rSD+=���f, wQmeV℄, T�=�|\5=Dii, wQE�^#V℄. -�, �+=�`_	���7 #oM�-#V2�oH℄2-�"2. :K, ��ÆoH��℄2-��VK|R�V2<�`=��H�\`wQV℄z, ef��V℄z�V



12F xH2d: "t��xRaW^{�I���^38a℄d 1591DqAX`=�9�oH℄2-��Æ, E����#V2=9℄2`=�yi�J{. e� [31] .<��+W��M�j+W�9xl}L}f`wQV℄zz|)�K�Æ6Æ�. �^�+W��M�ÆoH℄2M�, VK��V℄z�VDqAX`=�K$9��Æ, E����#V��`oH℄2M�Æy\�?w.

4.3 l!℄	v���M���T67, T�v�[V4hu`_	. Vhu`_	M[Dq6zf, wQV2v�_#V℄. rS���M��T67, VK��;ÆV4&h`MÆ, ��Æ6wQV℄z`�l, KCf;~��M`�^� ^��zx)qzM-D8GH. e� [36]6B�D;��1+W��M℄22w��C;Æ�. H℄�/�����.1+Wl}`=�6z, KV℄z^℄2�2Y^Rb)�, ��;Æ1+Wl}��=�f℄22wz(`6z, ^kp%�D8+R. ��1+W��M�=�f`F<�+V℄z^ ρs, 	1+W��M�p℄22whz�.<
P (x, ρ, ε) = max

(

1 −
‖x‖

ερs
, 0

)

,H7 x ^wQVQF<, w+ ε ^℄2M�2w+, ερs <3��hqt
A. hn��7℄2wQhqt`Æ6T6�0��#rn��Æ6, :Kw+ ε f lwQ℄22w��;ÆT6. w+ ε VKr Monte-Carlo ��Æ�_[ [36].����T67, >���℄22wVpj����^�C`Z4. ����M����[=�x&hz`V℄z^ ρd, ���^���℄)�^ S, 	
S = hs (ρd, σ) ,H7 hs (ρd, σ) ^V℄zK�H;q���^�C`++q���^!�`W+Cw�, ρd^��MwQ'���[=�x&hz`V℄z, σ ^q���^�C`H;++.

4.4 ��}!d*-

U 7 {o>BO�(�aYÆLjV℄zpVK\���MXKiiE7. V��M<�%�M=��, ����M�0'��Æ[`XJ�#��. <�=��, �|#A���M9�=�=A, Æ<
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min
{Vi,ḣi,χ̇i}∈Γ ,i=1,2,··· ,N

J =

N
∑

i=1

(

w1χ̇i + w2∆t
2
i

)

, (4.1)H7 N ^EVQ/[,�/:#`=AF<++, w1, w2 ^\=w+, χ̇i ^g i +=AF<�`?X*5�, ∆ti ^g i +=AF<#A`9`��, �+fliEA�Vz�}(






























































χ0 +

N
∑

i=1

χ̇i∆ti = χg,

h0 +

N
∑

i=1

ḣi∆ti = hg,

x0 +

N
∑

i=1

Vi∆ti cos

(

χi−1 +
1

2
χ̇i∆ti

)

sin
(

1
2 χ̇i∆ti

)

1
2 χ̇i∆ti

= xg,

y0 +

N
∑

i=1

Vi∆ti sin

(

χi−1 +
1

2
χ̇i∆ti

)

sin
(

1
2 χ̇i∆ti

)

1
2 χ̇i∆ti

= yg,H7 {

Vi, ḣi, χ̇i

}

∈ Γ , ��^�}`=A5z, zh5�^?X*5�, VN = Vg, ḣN =

ḣg, χ̇N = χ̇g, z� g ���}W:[J,�i�`=AF<, χ0, h0, x0, y0 ��i;Æ��}`?X*, (z, K�Æ�t�/. XflT6 (4.1) +R��BXW}^��W}�{
)�, T�V=AF<�b Γ 7j`=AF<V2v_wQV℄z�_Æ. ZC,�eD<D;V�``R�=AF<V℄z`XflÆ�
min

{Vi,ḣi,χ̇i}∈Γ

J =

N
∑

i=1

(

w1χ̇i + w2∆t
2
i − w3ρi

)

, (4.2)H7 ρi ^�}�g i 7=AF<z=Af, wQ'�`V℄z.R�=AF<AwQV℄z`XflÆ� (4.2) #GVK\�\�XKiy, CVK\�D�XKiiEy. �X�Æ�ER�wQV℄`6z�V�^AX, E������^.

5 = y�e�V℄z`6B9�o6^R&,  &Jj`V℄z6BAA�^znV℄�
Gramian F�`V℄z, '<V℄z, F<�+V℄zvj. ^��$V℄z���7`\, �eK{+#O`Q	Wt�^s�HV℄z9��,, 4#D`-$V℄z`OQ.�e�6B^Y�6B6Y`z?y, �epI=���!s��wQ`V℄z`6B,  )<6B℄2!s�[#�4}(K��}(Uaz`V℄z�V℄z���7
O\Ij�0=A`OQ. Wf, �e.<�V℄z���M�Æ, oH��℄2, XKi, ���^�℄�t7Jj`\K�afV�`\. ra&zn℄2|V��℄`j�℄22w)�e
[D���wQ, K�ra&!)�q�k`V℄z0bf"&℄2!s�[kO}(wQ`V℄z��e`af6Y.



12F xH2d: "t��xRaW^{�I���^38a℄d 1593

_ { � �
[1] Kalman R E. On the general theory of control systems. Proceedings of the First International

Congress on Automatic Control, Moscow, 1960, 1: 481–492.

[2] Kalman R E, Ho Y C, Narendra K S. Controllability of linear dynamical systems. Contribution

to Differential Equations, 1962, 189–213.

[3] Johnson C D. Optimization of a certain quality of complete controllability and observability for
linear dynamical systems. ASME Transactions, Journal of Basic Engineering, 1969, 91: 228–238.

[4] Hadman A M A, Nayfeh A H. Measures of modal controllability and observability for first- and
second-order linear systems. Journal of Guidance, Control, and Dynamics, 1989, 12(3): 421–428.

[5] Viswanathan C N, Longman R W, Likins P W. A degree of controllability definitions: Funda-
mental concepts and application to modal systems. Journal of Guidance, Control and Dynamics,
1984, 7(2): 222–230.

[6] Zhang Y, Jiang J. Integrated design of reconfigurable fault-tolerant control systems. Journal of

Guidance, Control, and Dynamics, 2001, 24(1): 133–136.

[7] Pachter M, Huang Y S. Fault tolerant flight control. Journal of Guidance, Control, and Dynamics,
2003, 26(1): 151–160.

[8] Cieslak J, Henry D, Zolghadri A, Goupil P. Development of an active fault-tolerant flight control
strategy. Journal of Guidance, Control, and Dynamics, 2008, 31(1): 135–147.

[9] Zhang Y, Jiang J. Bibliographical review on reconfigurable fault-tolerant control systems. Annual

Reviews in Control, 2008, 32(2): 229–252.

[10] Wu N E, Zhou K, Salomon G. Control reconfigurability of linear time-invariant systems. Auto-

matica, 2000, 36(11): 1767–1771.

[11] Yang Z. Reconfigurability analysis for a class of linear hybrid systems. Proceedings of 6th IFAC
SAFEPRO-CESS’06, Beijing, China, 2006.

[12] Hu T, Lin Z. Control Systems with Actuator Saturation: Analysis and Design. Birkhäuser Boston,
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