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Abstract: The repetitive control (RC) or repetitive controller problem for nonminimum phase nonlinear systems is both challenging

and practical. In this paper, we consider an RC problem for the translational oscillator with a rotational actuator (TORA), which

is a nonminimum phase nonlinear system. The major difficulty is to handle both a nonminimum phase RC problem and a nonlinear

problem simultaneously. For such purpose, a new RC design, namely the additive-state-decomposition-based approach, is proposed,

by which the nonminimum phase RC problem and the nonlinear problem are separated. This makes RC for the TORA benchmark

tractable. To demonstrate the effectiveness of the proposed approach, a numerical simulation is given.

Keywords: Additive state decomposition, repetitive control, translational oscillator with a rotational actuator (TORA), rotational-

translational actuator (RTAC), nonminimum phase systems.

1 Introduction

Repetitive control (RC) or repetitive controller is a pop-

ular topic in control theory[1−10]. By the use of frequency-

domain methods, the theories and applications in linear

time-invariant (LTI) systems have developed very well[1−5].

On the other hand, compared with RC in LTI systems, RC

in nonlinear systems has received limited research effort[6].

Currently, there exist two major approaches to design RCs

for nonlinear systems[6]. One approach, namely the lin-

earization approach, is to transform a nonlinear system into

a linear system subject to a weak nonlinear term, then ap-

ply existing frequency-domain methods to the transformed

linear system. The other major approach, namely the

adaptive-control-like approach[7−10], is to convert a track-

ing problem for nonlinear systems into a rejection problem

for nonlinear error dynamics, then apply existing adaptive-

control-like design methods to the derived error dynamics.

As mentioned above, the structures of RCs obtained for the

linear and nonlinear systems are similar or the same, but

the ways to obtain these RCs are different. For LTI sys-

tems, error dynamics are not required, whereas, for nonlin-

ear systems, they are often required by using the adaptive-

control-like approach. The requirement of error dynamics

is also a key step in the general tracking design. However,

this will not only restrict the development of RC but also

fail to represent the special feature and importance of RC.

For nonminimum phase nonlinear systems, it is difficult and

computationally expensive to derive the error dynamics, es-
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pecially when the internal dynamics are subject to an un-

known disturbance. Because of this, we suppose that few

RCs work on nonminimum phase nonlinear systems.

In this paper, we attempt to solve the rotational po-

sition tracking problem (RC problem) for a nonminimum

phase nonlinear benchmark system called translational os-

cillator with a rotational actuator (TORA) and also known

as rotational-translational actuator (RTAC)[11, 12]. It is

pointed out that such RC problem is difficult to handle by

both the linearization approach and the adaptive-control-

like approach, because TORA is not globally feedback lin-

earizable due to the weak, sinusoid-type nonlinear inter-

action between the translational oscillations and the rota-

tional motion, and is also a nonminimum phase nonlinear

system. For such purpose, we propose a new RC design

under a recently developed additive-state-decomposition-

based tracking control framework[13]. The key idea is to

decompose the RC problem into two well-solved control

problems by the additive state decomposition1: an RC for

an LTI system and a state feedback stabilizing control for a

nonlinear system. Since the nonminimum phase RC prob-

lem is only confined to the LTI system, existing RC meth-

ods can be applied directly and the resulting closed-loop

system can be analyzed in the frequency domain. On the

other hand, the state feedback stabilization is considered

for the decomposed nonlinear system. This implies that

the nonminimum phase behavior is avoided. This is an im-

portant feature because nonminimum phase behavior will

restrict the application of basic nonlinear controllers. Fi-

1Additive state decomposition[13] is different from the lower-order
subsystem decomposition methods existing in the literature. Con-
cretely, taking the system ẋ (t) = f (t, x) , x ∈ Rn for example,
it is decomposed into two subsystems: ẋ1 (t) = f1 (t, x1, x2) and
ẋ2 (t) = f2 (t, x1, x2), where x1 ∈ Rn1 and x2 ∈ Rn2 . The
lower-order subsystem decomposition satisfies n = n1 + n2 and
x = x1 ⊕x2. By contrast, the proposed additive state decomposition
satisfies n = n1 = n2 and x = x1 + x2.
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nally, one can combine the RC with the stabilizing con-

troller to achieve the original control goal. The design pro-

cesses of the linearization approach, the adaptive-control-

like approach and the additive-state-decomposition-based

approach are different, shown in Fig. 1.

Fig. 1 Three RC design approaches

This paper focuses on an RC problem, which is differ-

ent from our previous work[14]. In the previous research,

the external signals are generated by finite-dimensional ex-

osystems, whereas the considered external signals here are

generated by infinite-dimensional exosystems (any periodic

signal can be generated by an infinite exosystems). To make

the RC system robust, we propose for the considered non-

linear system a detailed filtered RC design. As a result, uni-

form ultimate boundness of tracking error instead of asymp-

totic stability is guaranteed. Therefore, most of the design

procedures and proofs here are different from those in [14].

2 TORA benchmark problem

The translational oscillator with a rotating actuator sys-

tem or rotational-translational actuator, has been widely

used as a benchmark problem to test novel nonlinear con-

trol schemes[11]. After normalization and transformation,

the TORA plant is simplified by the state-space represen-

tation as[12]

ẋ1 = x2

ẋ2 = −x1 + ε sin x3 + d2

ẋ3 = x4

ẋ4 = τ

x (0) = x0 (1)

where 0 < ε < 1, τ ∈ R is the dimensionless control torque

and d2 ∈ R is an unknown disturbance.

Two assumptions are made as follows:

Assumption 1. The disturbance d2 is a T -periodic sig-

nal, satisfying d2 (t) = d2 (t− T ) , t ≥ 0.

Assumption 2. All states x =[
x1 x2 x3 x4

]T

∈ R4 are measurable.

Under Assumptions 1 and 2, the objective is to design

controller τ such that the output y (t) = x3 (t) → r (t) as

t → ∞, meanwhile keeping other states bounded, where

r (t) ∈ (−π
2
, π

2
) is a T -periodic reference and its derivative

is bounded.

Remark 1. The TORA is not globally feedback lineariz-

able due to the weak, sinusoid-type nonlinear interaction

ε sin x3 in (1). The internal dynamics of (1) are

ẋ1 = x2

ẋ2 = −x1.

Since the internal dynamics are unstable (or say marginally

stable), the considered problem is a tracking problem for a

nonminimum phase nonlinear system.

Remark 2. In [15–19], the assumption on the distur-

bance is
[
ẇ1

ẇ2

]
=

[
0 ω

−ω 0

] [
w1

w2

]
, d2 = w1

where ω > 0. In such case, d2 is a special periodic signal

in the form of sin(ωt+ ϕ), where ϕ ≥ 0. By contrast, the

considered disturbance in Assumption 1, generated by an

infinite-dimensional exosystem d2 (t) = d2 (t− T ), is more

general. The T -periodic disturbance may be generated from

the vibration of other rotary mechanisms connected to the

TORA plant.

3 Additive state decomposition of

TORA benchmark

3.1 Additive state decomposition

In order to make the paper self-contained, the additive

state decomposition[13] is recalled here briefly. Consider the

following “original” system:

ẋ = f (t, x)

x (0) = x0

y = h (t, x) (2)

where x ∈ Rn and y ∈ Rm. Two systems, denoted by the

primary system and (derived) secondary system are defined

as

ẋp = fp (t, xp, xs)

xp (0) = xp,0

yp = hp

(
t, xp

)
(3)

and

ẋs = f (t, xp + xs) − fp (t, xp, xs)

xs (0) = x0 − xp,0

ys = h (t, xp + xs) − hp

(
t, xp

)
(4)

where xs � x− xp and ys � y − yp. The secondary system

(4) is determined by the original system (2) and the primary

system (3). From the definition, we have

x (t) = xp (t) + xs (t) , y (t) = yp (t) + ys (t) , t ≥ 0. (5)
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3.2 Additive state decomposition of
TORA benchmark

The controller τ in (1) is designed as

τ = KTx+ u

where K ∈ R4 and u ∈ R will be specified later. Then,

system (1) becomes

ẋ =
(
A0 +BKT

)
x+Bu+ φ (y) + d

y = CTx, x (0) = x0 (6)

where

A0 =

⎡
⎢⎢⎢⎣

0 1 0 0

−1 0 0 0

0 0 0 1

0 0 0 0

⎤
⎥⎥⎥⎦ , B =

⎡
⎢⎢⎢⎣

0

0

0

1

⎤
⎥⎥⎥⎦ , C =

⎡
⎢⎢⎢⎣

0

0

1

0

⎤
⎥⎥⎥⎦ ,

φ (y) =

⎡
⎢⎢⎢⎣

0

ε sin y

0

0

⎤
⎥⎥⎥⎦ , d =

⎡
⎢⎢⎢⎣

0

d2

0

0

⎤
⎥⎥⎥⎦ .

By taking (6) as the “original” system, the primary system

is chosen to be an LTI system including all external signals

as

ẋp = Axp +Bup + dp

yp = CTxp

xp (0) = x0 (7)

where A = A0 + εD (C + aB)T + BKT, dp = φ (r) −
εD (r + aṙ)+ d and D =

[
0 1 0 0

]T

. Then, accord-

ing to (4), the secondary system is derived from the original

system (6) and the primary system (7) as

ẋs =
(
A0 +BKT

)
xs +

(
φ (yp + ys) − φ (r)

)−
εD

(
(C + aB)T xp − (r + aṙ)

)
+Bus

ys = CTxs, xs (0) = 0 (8)

where us = u− up. So, it follows

x = xp + xs

y = yp + ys

u = up + us. (9)

As shown in Fig. 2, the TORA benchmark (6) is decom-

posed into two systems by the additive state decomposi-

tion: an LTI “primary” system (7), leaving the secondary

system (8) subject to the nonlinear term φ (·). The non-

minimum phase RC task is only assigned to the LTI system

(7). On the other hand, the task of handling nonlinearity

is only assigned to the secondary system (8), where non-

minimum phase behavior is avoided. More concretely, de-

sign an RC up to drive yp → r in (7), and design us to

drive ys ultimately bounded with respect to yp − r, namely

ys → 0 as yp → r. If so, then y = yp + ys → r by design-

ing u = up + us. Obviously, the two tasks are easier than

the original one. Therefore, the original tracking problem

is simplified by the additive state decomposition.

Fig. 2 Additive state decomposition of TORA

Remark 3. For a class of nonminimum phase sys-

tems with measurable nonlinearities and unknown distur-

bances, readers can find a rule to use the additive state

decomposition[13] . However, besides the rule, a term

εD (C + aB)T xp − εD (r + aṙ) is introduced additionally

into (7) and (8). Note that (C + aB)T xp = yp + aẏp, so

the additional term εD
(
(C + aB)T xp − (r + aṙ)

)
in (8)

will vanish as yp → r and ẏp → ṙ. Thanks to the addi-

tional term, the pair
(
A0 + εD (C + aB)T , B

)
is control-

lable, whereas the pair (A0, B) is uncontrollable. Therefore,

there always exists a gain K such that the matrix A is a

stable matrix.

Remark 4. The primary system (7) does not contain the

state xs, namely it is independent of the secondary system

(8). On the other hand, the secondary system (8) depends

on the output of primary system (7). If yp has tracked

r, namely yp ≡ r, then the primary system (7) and the

secondary system (8) are decoupled. According to these,

the two controllers can be designed separately.

4 An additive-state-decomposition ap-

proach

So far, we have decomposed the transformed system into

two subsystems in charge of corresponding subtasks. In this

section, we are going to investigate controller design with

respect to the two component subtasks respectively.

4.1 Filtered repetitive controller design
for primary system

Define a filtered tracking error as

ep = ỹp + a ˙̃yp (10)

where ỹp = yp − r and a > 0. It is easy to see that both ỹp

and ˙̃yp can be viewed as outputs of a stable system with ep

as input, which means that ỹp and ˙̃yp are bounded if ep is

bounded. In addition, ỹp (t) → 0 and ˙̃yp (t) → 0 as long as

ep (t) → 0. Inspired by the design in [8], the filtered RC up
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is designed as

εξ̇ (t) = −ξ (t) +
(
1 − ε2

)
ξ (t− T ) + L1ep (t)

up (ξ, xp, r) = LT
2 xp (t) + L3ξ (t)

ξ (s) = 0, s ∈ [−T, 0] (11)

where L1, L3 ∈ R and L2 ∈ R4 will be specified later. With

the relation (11), one has

ep (s) =
1

L1
p (s) ξ (s)

where p (s) = εs+ 1 − (
1 − ε2

)
e−sT . Then, the closed-loop

system corresponding to the primary system (7) and (11)

gives
[

ε 01×4

04×1 I4

]

︸ ︷︷ ︸
E

[
ξ̇ (t)

ẋp (t)

]
=

[
−1 L1 (C + aB)T

BL3 A+BLT
2

]

︸ ︷︷ ︸
Aa

[
ξ (t)

xp (t)

]
+

[
1 − ε2 01×4

04×1 04×4

]

︸ ︷︷ ︸
Aa,−T

[
ξ (t− T )

xp (t− T )

]
+

[
−L1 (r + aṙ) (t)

dp (t)

]

︸ ︷︷ ︸
da(t)

. (12)

The transfer function from da to ep is

ep (s) =
1

L1
p (s) ξ (s) =

1

L1
CT

a

(
sE − Aa − Aa,−T e−sT

)−1

p (s)
︸ ︷︷ ︸

G(s)

da (s) (13)

where Ca =
[

1 0 0 0 0
]T

. The relation (13) can

be rewritten as

ep (s) =
1

L1
CT

a

(
sE −Aa − Aa,−T e−sT

)−1

︸ ︷︷ ︸
New transfer function

p (s) da (s)︸ ︷︷ ︸
New input

.

Since da is a T -periodic signal, L−1 (p (s) da (s)) will be

with a small ultimate bound, where L−1 (·) denotes the

inverse Laplace transform. Especially, p (s) = 1 − e−sT

and L−1 (p (s) da (s)) → 0 if ε = 0. According to this, only

the stability of G (s) (or (12) without the external signal

da) needs to be considered. An easy parameter choice rule

is given in Theorem 1 to ensure the stable G (s).

Theorem 1. Suppose that the parameters in (11) are

chosen as

L1 = κ1

L2 = H −K

L3 = −2

a
κ1 (14)

where 0 < ε < 1, κ1 > 0, κ2 > 2 and H =

− 1
a

[
0 ε κ2 1 + κ2

]T

. Then, 1) without external

signal da, (12) is exponentially stable for any 0 < ε < 1;

2) in (12), ‖xp‖ and ‖ξ‖ are bounded on [0,∞) and there

exists δ > 0 such that2 ‖ỹp‖a ≤ δ and
∥∥ ˙̃yp

∥∥
a
≤ δ.

Proof. See Appendix A. �
Remark 5. Since the closed-loop system (12) is an LTI

system, various frequency domain methods are applicable,

such as the bode plot, to analyze the tracking (rejection)

accuracy. This will be shown in the following numerical

simulation. It should be pointed out that other RCs can be

also designed for the primary system (7).

4.2 Stabilizing controller design for sec-
ondary system

Since ‖ỹp‖a ≤ δ and
∥∥ ˙̃yp

∥∥
a
≤ δ, it is expected that the

ultimate bound of ‖xs‖ can be adjusted by δ. For example,

there exists γ > 0, such that ‖xs‖a ≤ γδ. If so, we have

‖y − r‖a ≤ (1 + γ) δ.

The secondary system (8) can be rewritten as

ẋ1,s = x2,s

ẋ2,s = −x1,s + ε sin (x3,s + r) − ε sin r + g

ẋ3,s = x4,s

ẋ4,s = KTxs + us

xs (0) = 0 (15)

where g = φ (yp + x3,s)− φ (r + x3,s)− εD (C + aB)T xp +

εD (r + aṙ) . The following constructive procedure is also

given in [14]. However, in order to make the paper self-

contained, the design is recalled here briefly. Since ‖ỹp‖a ≤
δ, the proof is different from that in [14]. The controller de-

sign procedure starts from the marginally stable (x1,s, x2,s)-

subsystem.

Step 1. Consider the (x1,s, x2,s)-subsystem of (16) with

x3,s viewed as the virtual control input. The derivative of

the quadratic function V1 = x2
1,s + x2

2,s is

V̇1 = 2εx2,s [sin (x3,s + r) − sin r] + 2x2,sg. (16)

Then, the following “certainty equivalence” (CE) based vir-

tual controller is introduced as

x3,s = −b arctan x2,s + x′
3,s (17)

where b ∈ R. Since

ε sin (x3,s + r) − ε sin r =

ε sin
(−b arctan x2,s + x′

3,s + r
) − ε sin r =

ε sin (−b arctan x2,s + r) − ε sin r+

ε[sin
(−b arctan x2,s + x′

3,s + r
)−

2If x (t) is bounded on [0,∞), we let ‖·‖a denote the quantity

‖x‖a � lim
t→∞ sup ‖x (t)‖.
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sin (−b arctan x2,s + r)] =

2ε sin

(−b arctan x2,s

2

)
cos

(−b arctan x2,s + 2r

2

)
+

ε[sin
(−b arctan x2,s + x′

3,s + r
)−

sin (−b arctan x2,s + r)]

the (x1,s, x2,s)-subsystem of (16) becomes

ẋ1,s = x2,s

ẋ2,s = −x1,s + g′+

2ε sin

(−b arctan x2,s

2

)
cos

(−b arctan x2,s + 2r

2

)

(18)

where

g′ = ε sin
(−b arctan x2,s + r + x′

3,s

)−
ε sin (−b arctan x2,s + r) + g. (19)

In order to ensure cos
(−b arctan x2,s+2r

2

)
> 0, the parameter

b has to satisfy 0 < b < mint2
(
1 − 2|r(t)|

π

)
. Since r (t) ∈

(−π
2
,−π

2
), b always exists. If x′

3,s ≡ 0 and g ≡ 0, then

V̇1 ≤ 0 (see Appendix B).

Step 2. The backstepping design is applied to the(
x′

3,s, x4,s

)
-subsystem such that a nonlinear controller us

drives x′
3,s to the origin. With the aid of (16) and (18), the

time derivative of the new variable x′
3,s is

ẋ′
3,s = x4,s + ψ + b

1

1 + x2
2,s

g (20)

where ψ = b 1
1+x2

2,s
[−x1,s + ε sin (x3,s + r) − ε sin r] . A new

variable x′
4,s is defined as

x′
4,s = x′

3,s + x4,s + ψ. (21)

Then, (21) becomes

ẋ′
3,s = −x′

3,s + x′
4,s + b

1

1 + x2
2,s

g.

By the definition (22), the time derivative of the new vari-

able x′
4,s is

ẋ′
4,s = ẋ′

3,s + ẋ4,s + ψ̇ =

− x′
3,s + x′

4,s + b
1

1 + x2
2,s

g +KTxs + us + ψ̇.

Therefore, us for the secondary system (16) is designed as

us (xp, xs, r) = x′
3,s − 2x′

4,s −KTxs − ψ̇. (22)

Then, the
(
x′

3,s, x
′
4,s

)
-subsystem becomes

ẋ′
3,s = −x′

3,s + x′
4,s + b

1

1 + x2
2,s

g

ẋ′
4,s = −x′

4,s + b
1

1 + x2
2,s

g. (23)

We are now ready to state the theorem for the secondary

system (8).

Theorem 2. Suppose ‖ỹp‖a ≤ δ and
∥∥ ˙̃yp

∥∥
a

≤ δ,

where δ is sufficiently small. The controller us for the sec-

ondary system (16) is designed as (23), where 0 < b <

mint 2
(

1−2|r(t)|
π

)
. Then, there exists γ > 0 such that

‖xs‖a ≤ γδ and ‖xs‖ is bounded on [0,∞).

Proof. See Appendix B. �
Remark 6. As shown above, the controller design for the

secondary system is somewhat complex. However, without

the additive state decomposition, the controller design for

the original tracking problem will be more complex. The

additive state decomposition in fact makes the design more

clear.

4.3 Controller synthesis for original sys-
tem

It should be noticed that the controller design above is

based on the condition that xp and xs are known a prior. A

problem arises that the states xp and xs cannot be measured

directly except for x = xp + xs. Taking this into account,

the following observer is proposed to estimate the states

xp and xs. Unlike the traditional concept of observers, the

proposed observer can estimate the states of the primary

system and the secondary system directly, not asymptoti-

cally or exponentially. This can be explained that, unlike

a real system, either the primary system or the secondary

system is in fact virtual whose initial values can be assigned

freely by designers.

An observer based on the secondary system (8) can esti-

mate xs, which is stated in Theorem 3.

Theorem 3. Suppose matrix A to be stable. Then, the

observer

˙̂xs = Ax̂s + φ (y) − φ (r)−
εD (C + aB)T x+ εD (r + aṙ) +Bus

x̂p = x− x̂s

x̂s (0) = 0 (24)

satisfies

x̂p ≡ xp and x̂s ≡ xs.

Proof. With the aid of the relation xp = x − xs, the

secondary system (8) can also be written as

ẋs = Axs + φ (y) − φ (r)−
εD (C + aB)T x+ εD (r + aṙ) +Bus (25)

where xs (0) = 0. Subtracting (26) from (25) results in

˙̃xs = Ax̃s

x̃s (0) = 0 (26)

where x̃s = x̂s − xs. Then, x̂p ≡ xp and x̂s ≡ xs. �
Remark 7. The measurement x and parameters may

be inaccurate. In this case, it is expected that small uncer-

tainties lead x̂p close to xp (or x̂s close to xs). From (27),

a stable matrix A can guarantee a small x̃s in the presence

of small uncertainties.
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Theorem 4. Suppose that the conditions of Theorems

1–3 hold. If the controller τ in system (1) is designed as

εξ̇ (t) = −ξ (t) +
(
1 − ε2

)
ξ (t− T )+

L1

(
(C + aB)T x̂p − r − aṙ

)
(t)

τ (t) = KTx (t) + up (ξ, x̂p, r) + us (x̂p, x̂s, r) (27)

where ξ (s) = 0, s ∈ [−T, 0] , x̂p and x̂s are given by (25),

up (·) is defined as in (11), and us (·) is defined as in (23).

Then, 1) ‖x‖ and ‖ξ‖ are bounded on [0,∞) and 2) there

exists ρ > 0 such that ‖y − r‖a ≤ ρδ, where ‖ỹp‖a ≤ δ and∥∥ ˙̃yp

∥∥
a
≤ δ.

Proof. Note that the original system (1), the primary

system (7) and the secondary system (8) have the relation:

x = xp + xs and y = yp + ys. With the controller, for

the primary system (7), ‖xp‖, ‖ξ‖ are bounded on [0,∞),

‖ỹp‖a ≤ δ,
∥∥ ˙̃yp

∥∥
a
≤ δ by Theorem 1. On the other hand,

for the secondary system (8), there exists γ > 0 such that

‖xs‖a ≤ γδ and ‖xs‖ is bounded on [0,∞) by Theorem 2.

Theorem 3 ensures that x̂p ≡ xp and x̂s ≡ xs. Therefore,

1) ‖x‖ and ‖ξ‖ are bounded on [0,∞) and 2) there exists

ρ > 0 such that ‖y − r‖a ≤ ρδ, where ρ = γ + 1, ‖ỹp‖a ≤ δ

and
∥∥ ˙̃yp

∥∥
a
≤ δ. �

The closed-loop control system is shown in Fig. 3, which

includes the TORA plant (1), the controller (28) and the

observer (25).

Fig. 3 Closed-loop control system of TORA

5 Numerical simulation

In the simulation, we set ε = 0.2 and the initial value

x0 =
[

0.1 0 0 0
]T

in (1). The reference r is chosen

to be r (t) = 0.5 sin
(
sin 2π

T
t
)
, and the disturbance d2 (t) =

0.1 cos
(

2π
T
t
)
, where the period T = 3. The objective here

is to design controller τ such that the output y (t)− r (t) is

uniformly ultimately bounded with a small ultimate bound.

Meanwhile, other states are bounded.

The parameters are chosen as a = 1 and K =[
0 −ε −1 −2

]T

. Then, A in (7) satisfies

maxRe (λ (A)) = −0.01 < 0.

Furthermore, according to Theorem 1, the parameters of

the controller (28) are chosen as ε = 0.01, L1 = 2, L2 =

04×1 and L3 = −4. The parameter b is chosen as b = 1.5(1−
1
π
) < mint∈R2

(
1 − 2|r(t)|

π

)
.

In (13), let G (s) = [g1(s) g2(s) g3(s) g4(s) g5(s)]. With

the chosen parameters above, |gi (jω)|, i = 1, 2, · · · , 5, with

respect to frequency ω are plotted in Fig. 4. As shown,

all |gi (jω)| have comb shape with notches matching the

frequencies of the considered periodic signals. This makes

|gi (jω)| close to zero at ω = k 2π
T
, k = 0, 1, · · · , in the low

frequency band. Since low frequencies dominate da (t) , it

is expected that ep is with a small ultimate bound.

The TORA plant (1) is driven by the controller (28) with

the parameters above. The evolutions of all states of (1) are

shown in Fig. 5. From the simulation, it can be seen that the

proposed controller τ drives the tracking error y (t) − r (t)

to be uniformly ultimately bounded with a small ultimate

bound. Meanwhile, other states are bounded. In Fig. 6, the

evolutions of state and control inputs of the decomposed

systems are shown. Moreover, the final control input is also

plotted. As shown, the ultimate bound of ‖xs‖ is small and

the control u = up + us is bounded.

Fig. 4 Amplitude response of the transfer function of elements

of G (s) in (13). In this example, the last two elements |g4 (jω)|
and |g5 (jω)| are the same. Therefore, it seems that there are

only four curves in the figure.

Fig. 5 Evolutions of all states
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Fig. 6 Evolutions of all states and inputs of the primary system

(7) and the secondary system (8)

6 Conclusions

In this paper, the rotational position tracking prob-

lem for TORA was solved by the proposed additive-state-

decomposition-based RC. The design relied on additive

state decomposition, by which the considered RC problem

was decomposed into an RC problem for a “primary” LTI

system and a “secondary” state-feedback stabilization prob-

lem for a nonlinear system. For the LTI system, an easy

RC design is given. Thanks to its linearity, the amplitude

response is applied to show the tracking accuracy Fig. 4.

On the other hand, the backstepping design is applied to

the state-feedback stabilization problem. This makes RC

design for TORA tractable and flexible. Future works on

TORA include designing RC for translational displacement

tracking problem and improving the robustness of the re-

sulting closed-loop RC system.

Appendix

A. Proof of Theorem 1

Choose a Lyapunov function as

V=εξ2 +

∫ t

t−T

ξ2 (θ) dθ+
1

2
x2

1,p +
1

2
x2

2,p +
1

2
(x3,p + ax4,p)

2

where xp =
[
x1,p x2,p x3,p x4,p

]T

.With the param-

eters (15), the derivative of V along (12) without external

signal da yields

V̇ ≤ −ε2 (
2 − ε2

)
ξ2 − κ2 (x3,p + ax4,p)

2 ≤ 0.

Consequently, without external signal da, (12) is asymp-

totically stable for any 0 < ε < 1. For the linear retarded

time-delay system, asymptotic stability is equivalent to ex-

ponential stability. Then, without external signal da, (12)

is exponentially stable for any 0 < ε < 1. Consequently,

‖xp‖ and ‖ξ‖ are bounded on [0,∞) and there exists δ > 0

such that ‖ỹp‖a ≤ δ and
∥∥ ˙̃yp

∥∥
a
≤ δ.

B. Proof of Theorem 2

This proof is composed of three parts.

Part 1. If ‖ỹp‖a ≤ δ and
∥∥ ˙̃yp

∥∥
a

≤ δ, then from the

definition of φ (y) , we have ‖g‖a ≤ (2 + a) εδ no matter

what ys is. According to this, it is easy from (24) to see

that
∥∥x′

3,s

∥∥
a
≤ b ‖g‖a = (2 + a) bεδ and

∥∥x′
4,s

∥∥
a

= 0 when

the controller us for the secondary system (16) is designed

as (23). Then, in (20), ‖g′‖a ≤ ε
∥∥x′

3,s

∥∥
a

+ ‖g‖a =

(bε+ 1) (2 + a) εδ.

Part 2. ‖x2,s‖ ≤ c (bε+ 1) (2 + a) εδ and ‖x2,s‖ ≤
c (bε+ 1) (2 + a) εδ. Since 0 < b < mint2

(
1 − 2|r(t)|

π

)
, V̇1

in (17) is negative semidefinite when g′ (t) ≡ 0, i.e.,

V̇1 = 2εx2,s sin

(−b arctan x2,s

2

)
×

cos

(−b arctan x2,s + 2r

2

)
≤ 0

where the equality holds at some time instant t ≥ 0 if and

only if x2,s (t) ≡ 0. By LaSalle′s invariance principle[20],

it follows that limt→∞x1,s (t) = 0 and limt→∞x2,s (t) =

0 when g′ (t) ≡ 0. Because of the particular structure of

(x1,s, x2,s)-subsystem (19), by using Lemma 3.5 in [21], it is

shown that (x1,s, x2,s)-subsystem (19) is small-input small-

state with a linear gain, say c > 0. Suppose δ is sufficiently

small. Then, ‖g′‖a ≤ (bε+ 1) (2 + a) εδ is sufficiently small

as well. Therefore, ‖x1,s‖a ≤ c ‖g′‖a = c (bε+ 1) (2 + a) εδ

and ‖x2,s‖ ≤ c (bε+ 1) (2 + a) εδ.

Part 3. From the definitions of x′
3,s and x′

4,s, we have

that there exists γ > 0 such that ‖xs‖a ≤ γδ. For the

(x1,s, x2,s)-subsystem and
(
x′

3,s, x
′
4,s

)
-subsystem, ‖xs (t)‖

is bounded in any finite time. With the obtained result

‖xs‖a ≤ γδ, we have ‖xs (t)‖ is bounded on [0,∞).

References

[1] R. W. Longman. On the theory and design of linear repet-
itive control system. European Journal of Control, vol. 16,
no. 5, pp. 447–496, 2010.

[2] J. V. Flores, J. M. Gomes Da Silva Jr., L. F. A. Pereira,
D. Sbarbaro. Repetitive control design for mimo systems
with saturating actuators. IEEE Transactions on Auto-
matic Control, vol. 57, no. 1, pp. 192–198, 2012.

[3] L. Zhou, J. H. She, M. Wu. Design of a discrete-time
output-feedback based repetitive-control system. Interna-
tional Journal of Automation and Computing, vol. 10, no. 4,
pp. 343–349, 2013.

[4] Y. F. Shan, K. K. Leang. Accounting for hysteresis in repet-
itive control design: Nanopositioning example. Automatica,
vol. 48, no. 8, pp. 1751–1758, 2012.

[5] W. Z. Lu, K. L. Zhou, D. W. Wang. General parallel struc-
ture digital repetitive control. International Journal of Con-
trol, vol. 86, no. 1, pp. 70–83, 2013.

[6] Q. Quan, K. Y. Cai. A survey of repetitive control for non-
linear systems. Science Foundation in China, vol. 18, no. 2,
pp. 45–53, 2010.

[7] Z. Yang, S. C. P. Yam, L. K. Li, Y. W. Wang. Uni-
versal repetitive learning control for nonparametric un-
certainty and unknown state-dependent control direction



296 International Journal of Automation and Computing 12(3), June 2015

matrix. IEEE Transactions on Automatic Control, vol. 55,
no. 7, pp. 1710–1715, 2010.

[8] Q. Quan, K. Y. Cai. A filtered repetitive controller for a
class of nonlinear systems. IEEE Transactions on Auto-
matic Control, vol. 56, no. 2, pp. 399–405, 2011.

[9] C. X. Hu, B. Yao, Z. Chen, Q. F. Wang. Adaptive robust
repetitive control of an industrial biaxial precision gantry
for contouring tasks. IEEE Transactions on Control Sys-
tems Technology, vol. 19, no. 6, pp. 1559–1568, 2011.

[10] M. X. Sun. Partial-period adaptive repetitive control by
symmetry. Automatica, vol. 48, no. 9, pp. 2137–2144, 2012.

[11] C. J. Wan, D. S. Bernstein, V. T. Coppola. Global stabiliza-
tion of the oscillating eccentric rotor. Nonlinear Dynamics,
vol. 10, no. 1, pp. 49–62, 1996.

[12] J. X. Zhao, I. Kanellakopoulos. Flexible backstepping de-
sign for tracking and disturbance attenuation. International
Journal of Robust and Nonlinear Control, vol. 8, no. 4–5,
pp. 331–348, 1998.

[13] Q. Quan, K. Y. Cai, H. Lin. Additive-state-decomposition-
based tracking control framework for a class of nonminimum
phase systems with measurable nonlinearities and unknown
disturbances. International Journal of Robust and Nonlin-
ear Control, vol. 25, no. 2, pp. 163–178, 2015.

[14] Q. Quan, K. Y. Cai. Additive-state-decomposition-based
tracking control for TORA benchmark. Journal of Sound
and Vibration, vol. 332, no. 20, pp. 4829–4841, 2013.

[15] J. Huang, G. Q. Hu. Control design for the nonlinear bench-
mark problem via the output regulation method. Journal of
Control Theory and Applications, vol. 2, no. 1, pp. 11–19,
2013.

[16] A. Pavlov, B. Janssen, N. van de Wouw, H. Nijmeijer. Ex-
perimental output regulation for a nonlinear benchmark
system. IEEE Transactions on Control Systems Technol-
ogy, vol. 15, no. 4, pp. 786–793, 2007.

[17] C. Fabio. Output regulation for the TORA benchmark
via rotational position feedback. Automatica, vol. 47, no. 3,
pp. 584–590, 2011.

[18] W. Y. Lan, B. M. Chen, Z. T. Ding. Adaptive estimation
and rejection of unknown sinusoidal disturbances through
measurement feedback for a class of non-minimum phase
nonlinear MIMO systems. International Journal of Adap-
tive Control and Signal Processing, vol. 20, no. 2, pp. 77–97,
2006.

[19] Y. Jiang, J. Huang. Output regulation for a class of weakly
minimum phase systems and its application to a nonlinear
benchmark system. In Proceedings of the American Control
Conference, IEEE, Saint. Louis, USA, pp. 5321–5326, 2009.

[20] H. K. Khalil. Nonlinear Systems, New York, USA: Prentice-
Hall, 2002.

[21] H. J. Sussmann, E. D. Sontag, Y. Yang. A general result on
the stabilization of linear systems using bounded controls.
IEEE Transactions on Automatic Control, vol. 39, no. 12,
pp. 2411–2425, 1994.

Quan Quan graduated from Beihang
University (Beijing University of Aeronau-
tics and Astronautics, BUAA), China in
2004. He received the Ph. D. degree from
BUAA, China in 2010. He is currently an
associate professor at Beihang University,
China.

His research interests include reliable
flight control and vision based navigation.

E-mail: qq buaa@buaa.edu.cn (Corresponding author)
ORCID iD: 0000-0001-8216-8998

Kai-Yuan Cai received the B. Sc. ,
M. Sc. , and Ph. D. degrees from Beihang
University (Beijing University of Aeronau-
tics and Astronautics, BUAA), China in
1984, 1987 and 1991, respectively. He has
been a full professor at Beihang University
since 1995. He is a Cheung Kong Scholar
(chair professor), jointly appointed by the
Ministry of Education of China and the Li

Ka Shing Foundation of Hong Kong in 1999.
His research interests include software testing, software relia-

bility, reliable flight control and software cybernetics.
E-mail: kycai@buaa.edu.cn


