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Abstract: This paper shows further results on the output feedback tracking problem for a class of uncertain nonminimum
phase nonlinear systems, where a state-based uncertainty is involved. Through a new additive state decomposition
process, this uncertainty is divided into two parts which are assigned to the two decomposed subsystems, respectively.
Then the controller is designed and its stability is analyzed by the nonlinear small-gain theorem. Finally, to demonstrate
the effectiveness of the proposed method, an illustrative example is given.
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1 INTRODUCTION

Nonlinear systems with nonminimum phase exit widely in
the real world, such as conventional fixed-wing aircraft [1],
vertical take-off and landing aircraft [2], and so on. The-
oretically, the internal or zero dynamics are unstable for a
nonminimum phase system. Thus, the tracking problem for
a nonlinear system with nonminimum phase is much more
complex than a general nonlinear system, and it becomes a
challenging issue. A large amount of literature solves this
issue by using the ideal internal dynamics to transform the
output tracking problem to a state tracking problem [3]-[6].
For these methods, the internal states need to be measured
exactly. Unfortunately, the internal information is hard to
be obtained in practical engineering. That motivates us to
propose a method to solve this issue, which only uses the
input-output information of the system.

Our basic idea is to decompose a tracking task of a non-
linear system into two subtasks, namely a tracking sub-
task for a linear time invariant (LTI) system (named as
‘primary system’) plus a stabilization subtask for a non-
linear system (named as ‘secondary system’), through ad-
ditive state decomposition [7]. Based on the additive state
decomposition, a new control scheme, called as additive-
state-decomposition-based tracking control, is proposed.
Furthermore, there exist many mature methods for the t-
wo subtasks. Finally, the control actions are integrated to-
gether to achieve the original control goal. It should be
pointed out that the additive state decomposition is differ-
ent from the lower-order subsystem decomposition meth-
ods existing in the literature [8]. Concretely, taking the
system & (t) = f(t,x),x € R™ for example, it is de-
composed into two subsystems: i1 (t) = f1 (¢, 21, 22) and
Zo (t) = f2 (¢, 21, z2), where 1 € R™ and zo € R™2| re-
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spectively. The lower-order subsystem decomposition sat-
isfies
n=mn;+neand x = 1 O x>.

By contrast, the proposed additive state decomposition sat-
isfies
n=ny =ngand x = x| + Ts.

In our opinion, lower-order subsystem decomposition aims
to reduce the complexity of the system itself, while the ad-
ditive state decomposition emphasizes the reduction of the
complexity of tasks for the system.

The framework of this method and our preliminary result-
s are published in reference [7]. The system considered
in reference [7] only contains an uncertainty which is in-
dependent of the states of the system. However, in real
systems, there also exists state-based uncertainties. These
uncertainties may degrade the performance of system. Fur-
thermore, they may even make the system unstale. Thus,
on the basis of the model used in reference [7], this paper
considers a new uncertainty which is relevant to the states
of the system. This uncertainty can be regarded as a dis-
turbance acting on the parameters of the system. Thus, the
method used in this paper is more robust than the previ-
ous method, which is the main contribution of this paper.
Motivated by the consideration of the robustness, a new
additive-state-decomposition-based controller is proposed,
which is different from that of reference [7]. The main dif-
ferences are as follows. i) This paper adopts a new additive
state decomposition process. Unlike the additive state de-
composition process in reference [7], the primary system
couples with the secondary system because of the state-
based uncertainty. In order to deal with this problem, the
primary system is decomposed again and the three subsys-
tems are rearranged to two parts, which are interconnect
subsystems. ii) Controllers are designed for the intercon-
nect subsystems, and a rigorous proof of stability is given
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for the controllers based on the nonlinear small-gain theo-
rem for the interconnected input-to-state stable (ISS) sys-
tem. Finally, an example with disturbance of parameters is
employed to illustrate the further results.

This paper is organized as follows. In Section 2, the prob-
lem formulation is given and the additive state decompo-
sition is introduced briefly first. In Section 3, a concrete
decomposition is demonstrated, and based on it, the con-
troller is designed and the its stability is analyzed. In Sec-
tion 4, an illustrative example is given to demonstrate the
effectiveness of the proposed control scheme. Section 5
concludes this paper.

2 Problem Formulation and Additive State De-
composition

2.1 Problem Formulation

Consider a class of SISO uncertain nonlinear systems sim-
ilar to [9]-[12]:

& =Az+bu+¢(y) + Ap(z) +d,z(0) =z 0
y=c"z

where A € R™*"™ is a known constant matrix, b € R™ and
¢ € R™ are known constant vectors, ¢ : R — R™ is a
known nonlinear function vector, Ap : R™ — R™ is an
unknown uncertain function vector, x (t) € R™ is the state
vector, y (t) € R is the output, u (t) € R is the control,
and d (t) € R™ is an unknown bounded disturbance. It is
assumed that only y is available from measurement. The
desired trajectory r (t) € R,¢ > 0 is known and smooth
enough. In the following, for convenience, we will omit
the variable ¢ except when necessary. For system (1), the
following assumption is made.

Assumption 1. The pair (A, ¢) is observable.

Under Assumption 1, the objective here is to design a track-
ing controller u such that y — r as ¢ — oo or with good
tracking accuracy, i.e, y — r is ultimately bounded by a s-
mall value.

Remark 1. As far as the nonminimum phase system (1)
is concerned, the system parameters are often assumed to
be known accurately except for the disturbance d. Further-
more, in this paper, we assume that the system parameters
are subject to the uncertainty Ay (z).

Remark 2. Since the pair (A4, ¢) is observable under As-
sumption 1, there always exists a vector p € R™ such that
A+4pcT is stable, whose eigenvalues can be assigned freely.
As aresult, system (1) is rewritten as & = (A + ch) T+
bu+ (¢ (y) — py] + Ap (x) + d. Then (A + pc™', b) is sta-
bilizable. Therefore, we can assume that the pair (A, b) is
stabilizable with a stable A without loss of generality.

2.2 Additive State Decomposition

In order to make the paper self-contained, a special case
of the additive state decomposition [7] is introduced here
briefly. Consider the following ‘original’ system:

y:h(t,l‘) i @

where z € R™ and y € R™. We first bring in a ‘primary’
system having the same dimension as system (2), which is
expressed as follows:

j:p = fp (t7 IP7wS) » Tp (0) = Zp,0 (3)
Yp =hp (tv "Tp)

where z, € R™ and y € R™. From the original system
(2) and the primary system (3), we derive the following
‘secondary’ system:

ds = f(t,mp +5) — fp (8,2, 25) , 5 (0) = 2o — Tpo
Ys = h(t,$p =+ xs) - hp (t,:l?p) (C))

where
z(t)=ap(t)+as (), y(t) =yp () +ys (t). ()

Remark 3. By the additive state decomposition, the sys-
tem (2) is decomposed into two subsystems with the same
dimension as the original system. This decomposition is
introduced in reference [7] completely, so the readers can
refer to it for the further details.

3 Tracking Controller Design and Stability Anal-
ysis

First, based on additive state decomposition, the considered
system (1) is decomposed into two subsystems: an LTI sys-
tem including all external signals as the primary system, to-
gether with the secondary system whose equilibrium point
is zero. Since the output of the primary system and the state
of the secondary system can be observed, the original track-
ing task for the system (1) is correspondingly decomposed
into two subtasks: an output feedback tracking subtask for
an LTT ‘primary’ system and a state feedback stabilization
subtask for the left ‘secondary’ system, as shown in Fig.1.
Since the tracking subtask is only assigned to the LTT sys-
tem, it is therefore much easier than that for the nonlinear
system (1). Then, the controllers are designed for the t-
wo systems, and the stability is analyzed. At last, the con-
trollers are intergrated for the original system.

Output Feedback Tracking
Task for Nonlinear System (1):

y—or
[ y=y,+,
Output Feedback Tracking State Feedback Stabilization
Subtask for LTI System (6): Subtask for Nonlinear System (7):
Y, =>r y, =0

Figure 1: Additive state decomposition flow

3.1 Decomposition

Consider the system (1) as the original system. According
to the principle mentioned in Section 2.2, we choose the
primary system as follows:

iy = Azp +buy 4+ ¢ (1) + Ap (2p + 25) +d
Yp = CTwp: zy, (0) = z0 .

(6)
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Then the secondary system is determined by the original
system (1) and the primary system (6) with the rule (4),
and we obtain that

Ty = Axg + bus + ¢ (CTJ)p + cT:vS) —o(r)

Ys = CT-TSw/L‘s (0) =0 (7)

where u, = u — u,. According to equation (5), we have
T=xp+xsandy = y, + ys. ®)

Controller design for the decomposed systems (6)-(7)
needs their outputs or states. However, they are unknown.
For such a purpose, an observer is proposed to estimate y,,
and ;.

Theorem 1. Suppose that an observer is designed to esti-
mate y, and x, in systems (6)-(7) as follows:

gp =y — '@ (9a)

Ts=AZs+bus+o(y) — o (r),25(0)=0. (9b)
Then g, = yp and T, = .
Proof.  Subtracting equation (9b) from equation (7) re-
sults in &, = AZg, Z5(0) = 0 (since the initial values
x5 (0), &5 (0) are both assigned by the designer, they are
all determinate), where 5 = s — Z5. Then £, = 0. This
implies that £, = x,. Consequently, by equation (8), we
have §, =y — &5 = y,. O
Remark 4. The measurement y may be inaccurate in prac-
tice. In this case, it is expected that small uncertainties still
lead 4 close to x,. According to this, the matrix A is re-
quired to be stable by the relationship £, = AZg in the

proof above. This can be satisfied by the statement in Re-
mark 2.

It is clear from systems (6)-(8) that if the controller w,
drives y, — 7 and the controller u, drives ys — 0 as
t — oo, then y — r ast — oo. The strategy here is to
assign the tracking subtask to the primary system (6) and
the stabilization subtask to the secondary system (7). Since
the system (6) is a classical LTI system, some standard de-
signs in frequency domain, such as the transfer function
method, can be used to handle the output feedback track-
ing problem. This is easier than that for eqation (1) directly.
If y, = ¢T'x, = r, then zero is an equilibrium point of the
secondary system (7). Since its states can be obtained by
eqation (9b), the design is also easier than the output feed-
back stabilization for eqation (1). According to these, the
additive state decomposition offers a way to simplify the
original control task.

3.2 Controller Design
For (6), design a linear controller in the form:
‘ép =h (ZINypaT) > Zp (0) =0
up = uP (2p, Yp, ) (10)
where z, € R and functions h, u? are linear. Substituting
controller (10) into system (6) yields
Zp = h(zp,Yp,T)
&p = Axp + 0uP (2p,yp,7) + A (zp +25) + 0 (1) +d

ep=cla, —1,2,(0)=0,z,(0) = z0. (11)
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The objective is to make e, — 0 as ¢ — oo or with good
tracking accuracy, i.e, e, is ultimately bounded by a smal-
1 value. Since the term Ay (z), + ) also depends on the
secondary system, in order to separate the effect of = form
the primary, the system (11) is further ‘additively’ decom-
posed into

Zpp = h (Zpps Ypp, T)
Tpp = App + buP (2pp, Ypp, 7) + ¢ (1) + A (2pp) +d

epp = € Tpp — 1, 2pp (0) = 0,2y, (0) = o (12)
and

2;05 =h (Zpsv Yps, O)
i’ps = Al'ps + bu? (zp37 Yps 0)

+ (Ap (Tpp + Tps + T5) — A (7))
Yps = L Tps, 2ps (0) = 0,25 (0) =0

13)

where linearity of A, uP is utilized. According to equation
(5), we have

Zp = Zpp T Zpss Yp = Ypp + Yps ' (14)
Tp = Tpp + Tps, €p = Epp T Yps

By the decomposition, zero is an equilibrium point of sys-
tem (13) when z, = 0.

Remark 5. The controller design for system (6) can be
considered as an output regulation problem in [9]-[12], if
the reference r and disturbance d are generated by an au-
tonomous system. Since the reference r is known, a feed-
forward can also be designed to compensate for ¢ () and
r directly.

For (7), design a controller in the form
us = u’ (xs,r,n- ,r(N)> (15)

where N is a positive integer.
(14)(15) into system (7) results in

Substituting equations

Ty = Axg + bu® (xs,r,--- V)
+ ¢ (r +epp + T aps + chS) —¢(r) . (16)
ys = cTag, x5 (0) =0

3.3 Stability Analysis
Combining system (13) with system (16) to be

&1 = fi (@1, 22)
@y = fa (21,72, €pp) a7

where

Ty = [Zps l'ps]Tal‘2 = Ts
fi (951, 12) =
h (2ps; Yps, 0)
Azps 4+ buP (2ps, Yps, 0)
+ (Ap (Tpp + Tps + Ts) — A (Tpp))
f2 (xla T2, epp) = AIS + bus
+ ¢ (r +epp + CTJJpS + cTa:S) — o (r)
(18)
Remark 6. As shown in Fig.2, we additively decompose
system (11) into system (12) and system (13). And then
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Figure 2: Interconnect subsystems

rearrange the systems (12), (13) and (16), resulting in the
system (17) with a zero equilibrium.

Before proceeding further, we have the following prelimi-
nary results.

Definition 1 [13]. A function v : Ry — R, is of class
K if it is continuous, strictly increasing and v (0) = 0. It
is of class K, if, in addition, it is unbounded. A function
B: Ry x Ry — Ry is of class KL if, for each fixed ¢,
the function 3 (-, t) is of class K and, for each fixed s, the
function S (s, -) is decreasing and tends to zero at infinity.

Definition 2 [13]. A system & = f (z,u) is said to be ISS
if there exist a function (3 of class ICL, a function  of class
K and a nonnegative constant d such that for each initial
condition x (o) and each measurable essentially bounded
control u(-) defined on [tg, 00), the solution x (-) of the
system exists on [0, co) and satisfies:

e (@) < Bl to)ll 1)+ (ully, ) VE=0. (19)

where [[ull;, ;5 = supp, g [lu ()]

Definition 3 [14]. Smooth functions V;,7 = 1,2 are said
to be ISS-Lyapunov functions (the ISS-Lyapunov function
here is a special case of input-to-state practically stable
Lyapunov functions in [14]) for system (17) if

1) there exist functions ;1,2 € K so that
Vit (lzill) < Vi (zi) < i ([|ai]) (20)

2) there exist functions a; € Koo, Xi,7: € K so that
Vi (z1) > x1(Va (x2)) implies

VWi fi(z1,22) < —ay (V1) 2n

and V3 (z2) > max {Xl(vl (1)), 72 (‘epphto,oo))} im-
plies
VVafa (21,22, €pp) < —az (V2). (22)

Lemma 1. For i = 1,2, the z;-subsystem (17) has ISS-
Lyapunov functions V; satisfying equations (20)-(22). If
X1 0 xz2(r) < r, Vr > 0, then the x;-subsystem (17) is
ISS with respect to ep,. In particular, if e,, — 0 as ¢ —
00, then the system (17) is globally asymptotically stable,
namely e — 0 as ¢ — oo.

Proof. Since for ¢ = 1,2, the x;-subsystem (17) has
ISS-Lyapunov functions V; satisfying equations (20)-(22),
moreover x1 o x2 (1) < r, ¥r > 0, we can conclude that

the system (17) is ISS with respect to e, by Theorem 3.1
in [14], namely

e 1) < 8 (e (to)l12) + v (lepplyyy ) - V2> 0

where z. = [z1 x2]T. In particular, if e,, — 0 as
t — oo, then for an arbitrary real ¢ = v~ !(g) > 0,
|€pp‘[t0,oc) < € when tg > T. This further implies that
lze @)l < B (||lze (to)]l,t) + €,t0 > T. Since € can be
chosen arbitrarily small, we have z. — 0 as t — 0o, name-
ly x;-subsystem (17) is globally asymptotically stable. S-
ince the tracking error can be represented as e = e, + [¢T
cTx., we have |e ()| < 2||c|| |zc (t)]| + |epp (t)] . There-
foree -+ 0ast — oco.

Remark 7. The uncertainty Ay will determine the size of
function 7 in Lemma I. If the uncertainty Ay is large,
then the size of function x; will increase, namely it is more
difficult to satisfy x1 0 x2 (r) < r, vice versa. Without Ay,
the z;-subsystem (17) degenerates to

&y = f1(21,0)

ij = f2 (xla'IQaepp) .

For such a case, 1 is zero and then 0 = x1 0 x2 (r) < ris
always satisfied.

Remark 8. In the analysis, we do not need to know the
variables zpp, Zps; Ypp, Yps» Tpp, Tps Decause they will not
appear in both the controllers and the conditions. The de-
composition of system (11) is only for analysis.

3.4 Control Integration

So far, we have designed two controllers with respect to the
two decomposed subtasks respectively. With Lemma I in
hand, we can finally integrate them together to achieve the
original control task.

Theorem 2. Under Assumption 1, suppose i) the controller
for system (1) is designed as

ZP =h (ZPa Z)pv 7') ) Zp (0) =0

u=u”(2p, Yp,7) + 1’ (aﬁs,r,--- ,7'(N)) (23)
where ¢, and %, are obtained from observer (9); ii) the con-
ditions of Lemma I hold. Then the tracking error e is ulti-

mately bounded if e, is ultimately bounded. In particular,
if epp, — 0ast — oo, thene — O ast — oo.
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Proof. Since §j, and I, are obtained from observer (9),
Up = yp and T, = x, by Theorem 1. Incorporating con-
troller (23) into system (1), we can get system (17) by the
additive state decomposition. Furthermore, by Lemma I,
we can conclude this proof. [J

4 An Illustrative Example

Consider the following uncertain nonminimum phase sys-
tem (1) with

a=[ 2 e[V )= 5]

Betw)=aan 8= | 1os s |
_ | %01 (v) v
s =| P4 |onat =L

(24
It is easy to see that Assumption I holds. For the nonlinear
function ¢g1 (y) , we have the following properties

o1 (Wl < 1,66, (y) =

2y
(=L 95
¢h: ()] < 28, vy e R (25)

For simplicity, the objective is to design w to make y —
r(t) = 1. By setting y = 0,u = 0 and d = 0, the zero dy-
namics are 1 = 1.05x;. Therefore, the considered system
is a nonminimum phase system. The controller design and
analysis are divided into the following five steps.

(1) epp — 0 ast — oo. The uncertain nonlinear system
(1) with the parameters (24) is first additively decomposed
into the primary system (6) and the secondary system (7).
For the primary system (6), the controller (10) is designed
as

Zp=yYp—1,%(0)=0
Ly = 2Yp + Zp. (26)

It is easy to verify that the system matrix of the closed-loop
system (11) is

0 e’

A= 4 A4oneT A4

27
which is stable, namely max Re (4,) < 0. The system
(11) is further decomposed and then rearranged with sys-
tem (16), resulting in system (17).
Since the system (12) without external signals is exponen-
tially stable, e, () and z, (¢t) will tend to constants as
t — oo driven by constant signals 7, ¢ (r) and d. By the
integral term, the relationship between ep, and z can be
written as

epp = CT;L’p —r=3:z (28)
which implies that e,,;, (t) = 2 (t) — 0 as t — oo by (28).
For the explanation, readers can also refer to [15].
(2) ISS-Lyapunov function V;. In the following, we will
design ISS-Lyapunov functions for system (17) to satisfy
equations (20), (21), and (22). In this example, the system
(13) can be written as

Zps | _ Zns 0
E]-alz]o (4] o

Since max Re (A,) < 0, there exist matrices 0 < P,Q €
R3*3 such that PA, + AT P = —(Q. Design a Lyapunov
function V; = 27 Pz, where z; = [Zps xpS]T. Its deriva-
tive along equation (29) is

Vi < —[0(Q) — 25 (P)7 (AA)] [|z1?
+25 (P) 7 (AA) [l |||
< - a(Q)— 20(P)J(AA>V . 30)

2o(AA)a P)
+ T
S BV |

(3) ISS-Lyapunov function V5. In the following, we will
design u, to make system (17) be ISS. For the secondary
system (7), the stabilizing controller is designed by the idea
of backstepping technique [13]. The design is omitted for
simplicity. Define two new variables as follows

21 = Ts,1
22 =2Ts1 + Ts 2 (3D
+ @01 (1 +252) — ¢o,1 (1)

where 25 = [75,1 %5 2]T. The controller u; is designed as
follows

Ug = dT,,1 + 4Ts 2
! 2(x51 + x52) + 21 — H22)

(32)
By the controller above, the system (16) is derived as

+ 1+¢g 1 (r+Ts,2) [_

2 =—21+ 22+ @01 (r + cT;rS +epp + chcps)
— 00,1 (r + chs)
= —bzy + 21. (33)

Design a Lyapunov function Va = 27 4 22, whose deriva-
tive along equation (33) is

Vy < —222 — 222
— 2z [¢071 (7" +cTa, + epp + cTw,,S)

3v3
< —227 — 1023 + Tf 21| (Jz1] + lepp])
3 /*

where the properties in equation (25) are used. This implies
that

VVafe (21,22, epp) < —€Va,e >0 (35)
if V5 > max (XQVl, ﬁ |€pp|[2to,oo)) , where o =

27
16(2—¢)%a(P)

(4) Condition x1x2 < 1. By the properties in equation
(25), the relationship (31) can be written as

z=Fzg4,A€]0,1]

ol 0 : (36)
12 14dp,(r+ Ang2)

Since ’qﬁé GE DY 2)! < 3‘f < 1, the matrix F is non-

singular. So we have ||z|| < F) |lz|| - Substituting it into
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equation (30) results in

<
Vi < > (P) \%1
26 (AA)T (P)

Vv VivVa. 37
s VP

This implies that
VVifi(z1,22) < —€V1,e >0 (38)
it W > x1Va,  where  xi =

— 2 4
=P aPia(r)al0) 2Py - Note that ey (£) — 0
as t — oo in this example. If x1x2 < 1, then z; — 0
and x; — 0 as t — oo by Lemma 1. This further implies
that y — r as ¢ — oo. From the inequality above, if the
uncertainty ||AA| is small enough, then x1x2 < 1 holds.
For this example, y1x2 < 1 holds.

(5) Controller Integration. According to the controller
(23), the controller in this example is integrated as
Zp=10p—1,2(0) =0
Up = 2@;7 + zp + 55273’1 + 4(15372

+ — —2(Ts1+ T + 21 — 52
1 +¢)6,1 (T+$s,2) [ ( s,1 8,2) 1 2]

(39)

where 21 = T51,%2 = 2851 + Ts2 + P01 (r+ Ts2) —
¢0,1 (r) . The estimate ¢, and &, are observed by equa-
tion (9). Driven by such a controller, the simulation re-
sult is shown in Fig.3. As shown, the system output tracks
ya (t) = 1 asymptotically, meanwhile keeping the internal
state bounded. This is consistent with Theorem 2.

time (sec)

Figure 3: Time response of the nonlinear nonminimum-
phase system.

5 CONCLUSIONS

In this paper, the output feedback tracking problem for
a class of uncertain nonminimum phase nonlinear sys-
tems was solved by the additive-state-decomposition-based

tracking control. In comparison to our previous work, the
main contribution of this paper is the robustness of the sys-
tem is increased by employing the proposed controller, that
means the system can tolerate the uncertainty which is rel-
evant to the states. In order to suppress this uncertainty,
a new additive state decomposition process is given and
the controller is designed based on it. Finally, an example
with this uncertainty is employed to illustrate the effective-
ness of the proposed method. In this paper, only a class of
nonlinear nonminimum phase systems is considered. Thus,
part of our future work is to investigate more general track-
ing problems by the additive state decomposition.
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