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Output Feedback ILC for a Class of Nonminimum Phase
Nonlinear Systems With Input Saturation: An
Additive-State-Decomposition-Based Method

Zi-Bo Wei, Quan Quan, and Kai-Yuan Cai

Abstract—In this technical note, an additive-state-de-
composition-based iterative learning control (ILC) method
is proposed. Based on this method, the output feedback ILC
problem is solved for a class of nonminimum phase (NMP)
nonlinear systems with input saturation. This method is to
“additively” decompose the output feedback ILC problem
into two more tractable subproblems, namely an output
feedback ILC problem for a linear time invariant (LTI) system
and a state-feedback stabilization problem for a nonlinear
system with input saturation. Then, a controller can be
designed for each subproblem separately using existing
methods, and the two designed controllers are combined
together to achieve the original control goal. An illus-
trative example demonstrates the effectiveness of the pro-
posed method.

Index Terms—Additive state decomposition, iterative
learning control, nonminimum phase nonlinear systems,
saturation, tracking, uncertainties.

I. INTRODUCTION

Iterative learning control (ILC) often applies to systems that repeat
the same operation over a finite trial length 0 ≤ t ≤ T . By using data
recorded over previous trials and current-trial information, it aims to
sequentially improve the performance of the operation as the trial
index k increases [1]. System inversion plays a crucial role in the
classical ILC design to approach perfect tracking [2]. However, for
a nonminimum phase (NMP) system, the common system inversion
is unstable. Thus, many special ILC designs for NMP systems were
proposed. Stable inversion is a non-causal method to solve the tracking
problem for NMP systems [3], [4] by avoiding the influence of the un-
stable zeros of the systems. However, completely accurate information
about the systems is required. Therefore, if there exists any uncertainty
about the systems, then the conventional stable inversion method
cannot be used directly [5]. Based on the stable inversion, an adjoint-
type ILC is proposed [6]–[12], which employs the adjoint operator to
make the input to approach the stable inversion [5]. Because of online
iterative process, the controller can deal with uncertainties, and obtain
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Fig. 1. The framework of the controller designed in this technical note.

a better tracking result than that obtained by the conventional stable
inversion method.

As mentioned above, for a linear NMP system, there are many ex-
cellent results for the ILC tracking problem. However, for a nonlinear
NMP system with input saturation, the research is relatively rare and
there also exist three problems as follows:

i) It is somewhat complex to calculate the stable inversion. More-
over, all eigenvalues of A in the considered linearized systems
(the form of it is the same as system (4)) are required to be real
[3], [4], [8].

ii) Linearization or partial linearization is often used to transfer a
nonlinear ILC problem to a linear ILC problem [11], [13]. The
nonlinearity is ignored to some degree. This will decrease the
convergence rate.

iii) The adjoint-type ILC requires a complicated modification to fit
the input saturation [9], because it is a non-smooth and non-
affine-in-input factor, like input deadzone mentioned in [14].

On the whole, the main difficulty of solving the output feedback ILC
problem for a nonlinear NMP system with input saturation is caused by
the tight coupling of input saturation, nonlinearity and the property of
NMP. To deal with it, a method, called additive-state-decomposition-
based (ASDB) ILC, is proposed. As shown in Fig. 1, it employs
the additive state decomposition (ASD) [15], [16] to decompose the
nonlinear NMP system into two subsystems, where the ILC control
only needs to deal with an NMP linear time invariant (LTI) system
separated from nonlinearity and input saturation. Concretely, NMP is
assigned to a linear system for an output feedback ILC task, while the
input saturation and nonlinearity are assigned to a nonlinear system for
a state feedback stabilization task. As a result, the subproblems for the
decomposed subsystems are much easier.

The contributions of this note are as follows: i) the ASDB ILC
method is proposed to solve the tracking problem for a class of
nonlinear NMP systems with input saturation, and the convergence rate
is higher than that of the method based on linearization; ii) the form of
the controller is simple and design process is concise and effective;
iii) more importantly, a bridge is built between the existing ILC
methods for LTI systems and a class of nonlinear systems so that more
ILC problems of nonlinear systems become tractable.

The following definitions are used in this note: ‖α‖[t1,t2] =
supt∈[t1,t2]

‖α(t)‖2, where α is a function vector defined on [t1, t2];
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‖α‖L2
=

√∫ T

0
αT (t)α(t)dt, where α is a function vector defined

on [0, T ]; 〈α1,α2〉L2
=

∫ T

0
αT

1 (t)α2(t)dt, where α1,α2 is a func-

tion vector defined on [0, T ]; ‖α‖2 =
√
αTα, where α is a vector;

‖G‖ = sup‖x‖L2
≤1 ‖Gx‖L2

, where x is a function defined on [0, T ];

G∗ is the adjoint operator of G, defined by 〈y,Gu〉 = 〈G∗y, u〉.

II. PROBLEM FORMULATION AND PRELIMINARY RESULT

A. Problem Formulation

Consider a class of NMP nonlinear systems with input saturation as
follows: {

ẋ(t) = Ax(t) + bsat [u(t)] + φ [y(t)]

y(t) = cTx(t),x(0) = 0
(1)

where x(t) ∈ R
n is the state vector, y(t) ∈ R is the output, u(t) ∈ R

is the input, A ∈ R
n×n is a stable constant matrix (see Remark 1),

b, c ∈ R
n are constant vectors, φ : R → R

n is a nonlinear function
vector and the element of φ satisfies the local Lipschitz condition on
D, where D ⊂ R is an open connected set, the saturation function sat
[u(t)] is defined as follows:

sat [u(t)] =

⎧⎪⎨
⎪⎩
umin, u(t) < umin

u(t), umin ≤ u(t) < umax

umax, umax ≤ u(t).

(2)

It is assumed that only y(t) is available from measurement, and
the relative degree of the system is r. The reference trajectory yd ∈
L2[0, T ] is known and sufficiently smooth, t ≥ 0. In the following,
for convenience, the variable t will be omitted except when necessary.
Three assumptions are made on system (1).

Assumption 1: The pair (A, c) is observable.
Assumption 2: The reference trajectory yd satisfies dryd/dtr ∈

L∞[0, T ].
Assumption 3: There exists a ud such that u = ud makes y =

yd, where umin < ud < umax on [0, T ].
Objective: Construct a sequence of control u(t) = uk(t) for

system (1), t ∈ [0, T ] such that

‖yd − yk‖[0,T ] → 0, as k → ∞ (3)

where yk is the corresponding output driven by uk , k = 1, 2, . . ., and
u1(t) = 0, t ∈ [0, T ].

Remark 1: Under Assumption 1, the pair (A, c) is observable.
Therefore, there always exists a vector p ∈ R

n such that A+ pcT

is stable. Consequently, system (1) can be formulated into ẋ = (A+
pcT )x+ bsat(u) + [φ(y)− py]. Therefore, matrix A is assumed to
be stable without loss of generality.

Remark 2: If x(0) = x0 �= 0, the methods mentioned in [6] or
[17] can be employed to transform it to x(0) = 0.

Remark 3: Since the proposed method in this note is an online
iterative method, it can deal with the system uncertainties. The simu-
lation results in Section IV-C show the details.

Remark 4: Assumption 2 is a necessary condition of
Assumption 3 [3], [4]. Since yd is a trajectory which can be designed,
Assumption 2 can be satisfied easily.

B. Preliminary Result

Consider the linear system as follows:{
ẋ = Ax+ bu

y = cTx,x(0) = 0
(4)

where A ∈ R
n×n and b, c ∈ R

n are the same as those in system
(1). Its corresponding linear operator is G : L2[0, T ] 
→ L2[0, T ],
defined as

Gu =

t∫
0

cT eA(t−τ)bu(τ )dτ. (5)

Define

ak = ‖G∗ỹk‖2L2
, bk = ‖ỹk‖2L2

, ck = ‖ũk‖2L2
(6)

where ỹk = yd − yk, ũk = ud − uk. For the linear system (4), a se-
quence of control input {uk}∞k=1 is constructed in Lemma 1 such that
‖ỹk‖[0,T ] → 0, as k → ∞.

Lemma 1: For system (4), under Assumptions 2–3, suppose u =
uk, k = 1, 2, . . . where

uk+1 = uk + αkG∗ỹk, u1 = 0 (7)

and (bk−
√

b2k−(1−ρk)akck)/ak≤αk≤(bk+
√
b2k−(1−ρk)akck)/

ak with ρk ∈ [1− (b2k/akck), 1). Then ‖ũk‖L2
→ 0, ‖ỹk‖L2

→ 0,
‖ỹk‖[0,T ] → 0, as k → ∞. In particular, if ρk = 1− (b2k/akck), then
αk = bk/ak, and then ‖ũk‖L2

converges fastest.
Proof: See Appendix A.

III. ASDB ILC FRAMEWORK

By using the ASD [15], [16], the considered NMP nonlinear system
(1) is decomposed into two systems: an NMP LTI system (8) including
all external signals as the primary system, together with a nonlinear
system (11) with input saturation as the secondary system. Since the
output of the primary system and the states of the secondary system
can be observed, the original ILC problem for system (1) is corre-
spondingly decomposed into two subproblems: an output feedback
ILC problem for an NMP LTI system and a state feedback stabilization
problem. Thanks to the ASD, the ILC problem is independent of
nonlinearity and input saturation. As a result, the two new subproblems
are much easier than the original problem for the nonlinear NMP
system with input saturation.

A. Additive State Decomposition

ASD is applied to system (1). The first “primary” system is chosen as

Primary System :

{
ẋp = Axp + bup +φ(yd)

yp = cTxp,xp(0) = 0
(8)

which is a single input single output linear system with a known
external signal φ(yd). Then, by subtracting the primary system (8)
from the original system (1), one has⎧⎪⎨

⎪⎩
ẋ− ẋp = A(x− xp) + b [sat(u)− up]

+φ(y)− φ(yd)

y − yp = cT (x− xp),x(0)− xp(0) = 0.

(9)

Then, by defining

xs = x− xp, ys = y − yp (10)

system (9) becomes

Secondary System :

⎧⎪⎨
⎪⎩
ẋs = Axs + b [sat(up + us)− up]

+φ(yp + ys)− φ(yd)

ys = cTxs(t),xs(0) = 0

(11)
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Fig. 2. Additive state decomposition for system (1).

which is a nonlinear system, where us = u− up. This is called the
secondary system. According to (10), the state and the output satisfy

x = xp + xs, y = yp + ys (12)

where yp and xs are estimated by an observer stated in Theorem 1.
Readers are suggested to refer to [15], [16] for details of ASD.

Theorem 1: Suppose that an observer is designed to estimate yp
and xs in (8) and (11) as follows:{

˙̂xs = Ax̂s + b [sat(u)− up] +φ(y)− φ(yd)

ŷp = y − cT x̂s, x̂s(0) = 0.
(13)

Then ŷp ≡ yp and x̂s ≡ xs.
Proof: Subtracting (13) from (11) results in ˙̃xs = Ax̃s,

x̃s(0) = 0, where x̃s = xs − x̂s. Then, this implies that x̃s ≡ 0.
Consequently, ŷp ≡ y − cT x̂s ≡ yp. �

Remark 5: If yd − yp ≡ 0, then (xs, us) = 0 is an equilibrium
point of system (11). It is clear that if the controller up = up,k drives
yp,k → yd and the controller us drives ys,k → 0 as k → ∞, then
yk → yd, as k → ∞. The strategy here is to assign the ILC task to
the primary system (8) and the stabilization task to the secondary
system (11), respectively. According to these, the ASD offers a way
to simplify the original control problem.

Remark 6: Since the primary system and the secondary system
are virtual, so the initial value of the states can be assigned exactly
for one of the systems. So, if x(0) = x0 is uncertain in practice, still
assign xs(0) = 0, leaving xp(0) = x0.

B. Two Problems

So far, the considered system is decomposed into two systems in
charge of corresponding tasks. In this subsection, controller design in
the form of problems is proposed with respect to the two component
tasks, respectively. The whole process is shown in Fig. 2.

Problem 1 (on Primary System): For system (8), design an
ILC input sequence

up,k+1 = up,k +Hỹp,k (14)

such that ‖ỹp,k‖[0,T ]
→ 0, ‖ỹp,k‖L2

→ 0, ‖ũp,k‖L2
→ 0 as k →

∞, where ỹp,k = yd − yp,k, ũp,k = ud − up,k and H : L2[0, T ] 
→
L2[0, T ] is a linear operator.

Problem 2 (on Secondary System): For system (11), design
a controller

us,k = lTxs,k (15)

satisfies that ‖xs,k‖[0,T ]
→ 0, if ‖ỹp,k‖L2

→ 0, ‖ũp,k‖L2
→ 0,

where l ∈ R
n is a constant vector.

With the two problems being solved, a theorem is obtained.

Theorem 2: For system (1), suppose i) Problems 1–2 are solved
and ii) the controller is designed as

Observer :

⎧⎪⎨
⎪⎩

˙̂xs,k = Ax̂s,k + b [sat(uk)− up,k]

+φ(yk)−φ(yd)

ŷp,k = yk − cT x̂s,k, x̂s,k(0) = 0

Controller :

{
uk+1 = up,k +H ˜̂yp,k + lT x̂s,k+1

u1 = 0
(16)

where ˜̂yp,k = yd − ŷp,k. Then, the output of system (1) satisfies
‖ỹk‖[0,T ] → 0, as k → ∞.

Proof: Under condition i), it is easy to prove that if k → ∞,
then ‖ỹk‖[0,T ] ≤ ‖ỹp,k‖[0,T ]

+ ‖ys,k‖[0,T ]
→ 0 by using ε− δ defin-

ition. According to Theorem 1, the observer (13) will make ŷp ≡ yp
and x̂s ≡ xs. Then the controller (16) guarantees ‖ỹk‖[0,T ] → 0, as
k → ∞. �

C. Solutions to Problems 1–2

1) Solution to Problem 1: The primary system(8) is expressed as

yp,k = Gup,k + Gd [φ(yd)] (17)

where Gdz
Δ
=

∫ t

0
cT eA(t−τ)z(τ )dτ and G is defined as (5). According

to Lemma 1, a theorem is given, where the controller for the primary
system can be designed by (18).

Theorem 3: For system (8), under Assumptions 2–3, suppose
up = up,k+1, k = 1, 2, . . ., where

up,k+1 = up,k + αkG∗ỹp,k, up,1 = 0 (18)

and (bk−
√

b2k−(1−ρk)akck)/ak≤αk≤(bk+
√

b2k−(1−ρk)akck)/
ak with ρk ∈ [1− (b2k/akck), 1). By substituting ỹp,k, ũp,k for
ỹk, ũk, the definition of ak, bk, ck is the same as in (6). Then
‖ũp,k‖L2

→ 0, ‖ỹp,k‖L2
→ 0, ‖ỹp,k‖[0,T ]

→ 0, as k → ∞. In par-

ticular, if ρk = 1− (b2k/akck), then αk = bk/ak, and then ‖ũp,k‖
converges fastest.

Proof: See Appendix C.
2) Solution to Problem 2: In fact, if Problem 1 is well solved,

then Problem 2 will be solved indirectly by Theorem 4.
Theorem 4: For system (11), suppose that the controller us

is designed as (15). Then, ‖xs,k‖[0,T ]
→ 0 as ‖ỹp,k‖L2

→ 0 and
‖ũp,k‖L2

→ 0.
Proof: See Appendix D.

From the proof of Theorem 4, Problem 2 can be theoretically
solved by controller (15) with any l if ‖ỹp,k‖L2

→ 0, ‖ũp,k‖L2
→ 0,

as k → ∞. However, the convergence rate may be unreasonable if l
is inappropriate. For such a purpose, an index M in the following
is proposed to choose l. Linearizing system (11) along the nominal
trajectory (xs,k, yp,k) = (0, yd) results in

ẋs,k =

⎛
⎝A+ blT +

∂φ(yp,k + cTxs,k)

∂xs,k

∣∣∣∣
yp,k=yd
xs,k=0

⎞
⎠

︸ ︷︷ ︸
As(t)

xs,k

−
∂φ

(
yp,k + cTxs,k

)
∂yp

∣∣∣∣∣ yp,k=yd
xs,k=0︸ ︷︷ ︸

bs(t)

ỹp,k + o(ỹp,k,xs,k) (19)
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Fig. 3. The simulation results for ILC controller (29): (a) Convergence of ‖ỹk‖[0,T ] when there is no uncertainty in the system; (b) Convergence of
‖ỹk‖[0,T ] when there is an uncertainty in A, that means A is replaced by A′ for the original system (1).

where o(·) is the infinitesimal of higher order. Omitting o(·) leads to

xs,k(t) ≈ −
t∫

0

e
∫ t
τ As(α)dαbs(τ )ỹp,k(τ )dτ. (20)

Then

‖xs,k‖[0,T ]
≤ M‖ỹp,k‖[0,T ]

(21)

where

M =

T∫
0

∥∥∥e∫ T
τ As(α)dαbs(τ )

∥∥∥
2
dτ. (22)

Obviously, the index M determines the convergence rate, because
the smaller M is, the higher the convergence rate will be. Roughly
speaking, the chosen l should make ẋs,k = As(t)xs,k stable.

Remark 7: From (21), it follows:

‖ỹk‖[0,T ] ≤‖ỹp,k‖[0,T ]
+ ‖ys,k‖[0,T ]

≤ (1 +M‖c‖2) ‖ỹp,k‖[0,T ]
(23)

where c is defined in system (1). The convergence rate of the original
system (1) depends on that of the primary system (8). Then, according
to Theorem 3, a controller for the primary system should be designed
to obtain a reasonable convergence rate so that the original system also
converges fast.

IV. SIMULATION RESULTS

A. Problem Formulation

Consider the nonlinear NMP system (1) with the following parame-
ters: umin = −15, umax = 3, and

A =

⎡
⎣ 0 1 0

0 0 1
−4 −6 −4

⎤
⎦ , b =

⎡
⎣00
1

⎤
⎦

c =

⎡
⎣−1

0
1

⎤
⎦ , φ(y) =

⎡
⎣1− cos y

0
sin y

⎤
⎦ . (24)

It is obvious that Assumption 1 holds. Since the zeros of the linear part
are ±1, the considered system is an NMP system. The objective is to

design u to make y → yd on t ∈ [0, T ] and T = 6π in this example,
where

yd(t) =

⎧⎪⎨
⎪⎩
0, 0 ≤ t < 2π

1− cos t, 2π ≤ t < 4π

0, 4π ≤ t ≤ 6π.

(25)

In the following parts, some uncertainties are also considered. For
instance

A′ = (1 + δA)A and φ′ = (1 + δφ)φ (26)

where δA, δφ ∈ (−1, 1).

B. An Existing Method for Comparison

Although the classical ILC controller can deal with the NMP
systems in theory, its convergence process is extremely slow and unac-
ceptable [18]. Therefore, a comparable method is used for comparison.
Because the ILC controller for the primary system is similar to the
controller designed in reference [11], the controller in reference [11] is
employed for comparison. First, by linearizing system (24) at x = 0,
one has {

ẋ = Alx+ bu

y = cTx,x(0) = 0
(27)

where

Al=

⎡
⎣ 0 1 0

0 0 1
−5 −6 −3

⎤
⎦ (28)

and the corresponding operator of this system is denoted as Gl. Then,
the ILC controller is

uk+1 = uk + αG∗
l ỹk (29)

where α is a constant which does not changed with k, and it is
chosen as {2, 5, 6} respectively. The adjoint operator G∗

l : L2[0, T ] 
→
L2[0, T ] is calculated as follows [11], [12]:

G∗
l ỹ =

T∫
t

bT e−AT
l (t−τ)cỹ(τ )dτ. (30)

Fig. 3 shows the simulation results.
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Fig. 4. The simulation results when the ASDB ILC controller (31) is adopted: (a), (b) Convergence of ‖ỹk‖[0,T ] and the input serial {u1,k}20k=1
;

(c)(d) Convergence of ‖ỹk‖[0,T ] and the input serial {u2,k}20k=1
.

Fig. 5. The affect of the system uncertainty: (a) δA ∈ [−0.2, 0.2] and δφ = 0; (b) δφ ∈ [−0.2, 0.2] and δA = 0.

C. Controller Design and Simulation Result of ASDB ILC

1) Controller Design: For the controller (14), up,k+1 = up,k +
αkG∗ỹp,k, αk = ‖ỹk‖2L2

/‖G∗ ỹk‖2L2
is chosen, and the same method

of calculating G∗
l is used to calculate G∗. For the comparison purpose,

l1 = [−2 − 5 − 2]T and l2 = [1 5 1]T are chosen for the controller
(11). By (22), their indexes are calculated as M1 = 0.47 and M2 =
10.49. According to (16), the controller follows:

ui,k+1 =ui,p,k+1 + ui,s,k+1

=ui,k + lTi (x̂i,s,k+1 − x̂i,s,k)

+ αkG∗(yd − ŷi,p,k), i = 1, 2. (31)

2) The Result by Controller (31): Driven by controller (31),
the simulation results of ui,k are shown in Fig. 4(a)–(d), respectively,
i = 1, 2. Based on these results, the following conclusions are derived:
i) the reference trajectory is well-tracked from Fig. 4(a) and (c); ii) the
input saturation does not affect the final tracking result from Fig. 4(d);
iii) because M2 > M1, the convergence rate by u2,k is smaller than

that by u1,k from Fig. 4(a) and (c), which is consistent with Remark 7;
iv) the starting points of Fig. 4(a) and (c) are different, because u2,k

generates a larger error in the secondary system; v) the convergence
rate will be much higher than the existing method mentioned in
Section IV-B.

3) The Affect of the System Uncertainty: In this part,
δA, δφ are chosen from [−0.2, 0.2]. The controller is still chosen as
shown in (31) (let i = 1), and A,φ are replaced with A′,φ′ for the
original system (1). The simulation results are shown in Fig. 5, which
illustrate that the controller proposed in this note is robust against these
uncertainties. In this part, set umin = −20 to satisfy Assumption 3 for
all δA, δφ.

D. Discussions

From Fig. 3, the method mentioned in Section IV-B has two de-
ficiencies: i) it is hard to choose a reasonable αk to achieve a high
convergence rate (the best performance is got at α = 5, its convergence
rate is still low); ii) when there are uncertainties in the system,
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the convergence rate is influenced remarkably. The reason of these
phenomenons is that this kind of methods depends on linearization,
and the convergence condition depends on the difference between the
original system and the linearized system. The learning gain α must be
small to adapt the difference. As a result, the convergence rate is low
correspondingly. Reference [12] improves this method by using state
feedback linearization. However, it uses not only the information of the
output but also the informations of the states, which are not available in
the output feedback control problem proposed in this note. Moreover,
the convergence rate is not improved.

However, by ASD, the original system is separated into two parts
instead of linearization. The primary system is an exact linear system
with a known external signal φ(yd), and all the necessary informations
can be observed from the output of the original system by the observer
(13). Then, the excellent linear conclusion ( Lemma 1 and Theorem 3)
can be used to design the ILC controller to achieve a high convergence
rate. In addition, the differences between the original system and the
primary system are all contained in the secondary system. Then, a state
feedback controller can be designed to eliminate these differences,
even some strong nonlinear terms such as the saturation.

V. CONCLUSION

In this note, the output tracking problem for a class of nonlinear
NMP systems with input saturation is solved by the ASDB ILC
method. The main contribution of this note is that the complex
controller design is avoided based on ASD instead of linearization.
A bridge is built between the existing ILC design methods for LTI
systems and a class of nonlinear systems so that more ILC problems
of nonlinear systems become tractable. According to that, the exist-
ing adjoint-type ILC controller and the conventional state feedback
controller are combined to solve the problem. The simulation results
illustrate that: i) the structure of the proposed method is simple; ii) the
convergence rate of it is high; iii) it is robust against the uncertainties
of the original system.

APPENDIX

A. Proof of Lemma 1

This proof is organized as follows: (i) proves ‖ũk‖L2
→ ũ∞ as

k → ∞ where ũ∞ is a constant; (ii) proves ũ∞ = 0 by contradiction;
(iii) ‖ỹk‖L2

→ 0 as ‖ũk‖L2
→ 0, (iv) ‖ỹk‖[0,T ] → 0 as ‖ũk‖L2

→ 0.
(i) According to controller (7), one has

ũk+1 = (I − αkG∗G)ũk. (32)

At step k, given a constant ρk ∈ [0, 1) satisfying

‖ũk+1‖2L2
≤ ρk‖ũk‖2L2

(33)

one has

‖ũk+1‖2L2
− ρk‖ũk‖2L2

= akα
2
k − 2bkαk + (1− ρk)ck (34)

where ak, bk, ck are defined in (6). Then

αkmin ≤ αk ≤ αmax (35)

where αkmin = (bk −
√

b2k − (1− ρk)akck)/ak and αmax = (bk +√
b2k − (1− ρk)akck)/ak. This implies that

ρk ≥ 1− b2k
akck

(36)

must be satisfied. According to the property of inner prod-
uct, ‖ỹk‖2L2

= 〈ỹk,Gũk〉L2
≤ ‖G∗ ỹk‖L2

‖ũk‖L2
, that means 0 ≤

b2k/akck ≤ 1 according to (6). Thus, {‖ũk‖L2
}∞k=1 is bounded and

decreases monotonically, namely ‖ũk‖L2
→ ũ∞, as k → ∞, where

ũ∞ ≥ 0. Furthermore, choose ρk = 1− (b2k/akck), then αk = bk/ak

and ‖ũk‖L2
converges fastest.

(ii) Assuming ũ∞ > 0, according to (33), one has

ũ2
∞ ≤ ρ2∞ũ2

∞. (37)

According to (34)–(36), there exists a ρ∞ that satisfies ρ∞ ≥ 1−
b2∞/a∞c∞ and (37). Since ũ∞ �= 0, ỹ∞ = Gũ∞ �= 0, b2∞/a∞c∞ =
ε > 0, one has ũ2

∞ ≤ (1− ε)ũ2
∞ by choosing ρ = 1− ε. That means

ũ2
∞ < 0, which is contradiction, therefore ũ∞ = 0.
(iii) According to ỹk = Gũk , ‖ỹk‖L2

≤ ‖G‖‖ũk‖L2
. Since system

(4) is a linear system operating on a closed interval, ‖G‖ is bounded.
Thus, ‖ỹk‖L2

→ 0 as ‖ũk‖L2
→ 0.

(iv) According to (5), for t ∈ [0, T ]

‖ỹk(t)‖2 ≤

√√√√√ t∫
0

‖cT eA(t−τ)bũk(τ )‖22 dτ

≤

√√√√√ T∫
0

‖cT eA(t−τ)b‖22 dτ‖ũk‖L2
. (38)

Then

‖ỹk‖[0,T ] = sup
t∈[0,T ]

‖ỹk(t)‖2

≤

⎛
⎝ sup

t∈[0,T ]

√∫ T

0

‖cT eA(t−τ)b‖22 dτ

⎞
⎠ ‖ũk‖L2

.

(39)

Since supt∈[0,T ]

√∫ T

0
‖cT eA(t−τ)b‖22dτ is bounded, ‖ỹk‖[0,T ] → 0

as ‖ũk‖L2
→ 0.

B. Proof of Theorem 3

According to (17), a new system is defined as

ȳp,k = Gup,k (40)

where ȳp,k = yp,k − Gd[φ(yd)]. Correspondingly, the reference tra-
jectory becomes

ȳd = yd − Gd [φ(yd)] . (41)

Because Gd is a continuous linear operator and yd satisfies
Assumption 2, ȳd also satisfies Assumption 2. The tracking error
is ¯̃yp,k = ȳd − ȳp,k = yd − (Gup,k + Gd[φ(yd)]). Based on (17) and
the definition of ỹp,k, ¯̃yp,k = ỹp,k. Apply Lemma 1 to system (40),
if the controller is designed as shown in (18), then ‖ũp,k‖L2

→ 0,
‖ỹp,k‖L2

→ 0, ‖ỹp,k‖[0,T ]
→ 0, as k → ∞. In particular, if ρk =

1− (b2k/akck), then αk = bk/ak and ‖ũp,k‖L2
converges fastest.

C. Proof of Theorem 4

System (11) with the controller us designed as (15) is expressed as
follows:

ẋs,k = f (t,xs,k,λp,k),xs,k(0) = 0, t ∈ [0, T ] (42)
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where λp,k = [ũp,k, ỹp,k]
T . Let y(t) and z(t) be solutions of

ẏ = f (t,y, 0), and ż = f (t,z,λp,k), t ∈ [0, T ] (43)

where y(0) = z(0) = 0. Then, for t ∈ [0, T ]

‖y(t)− z(t)‖2

≤
t∫

0

‖f (τ,y(τ ), 0)− f (τ,z(τ ),λp,k(τ ))‖2 dτ. (44)

Because φ(·) and sat(·) satisfy the local Lipschitz condition, f also
satisfies the local Lipschitz condition on [0, T ]×D1 ×D2, where
D1 ⊂ R

n and D2 ⊂ R
2 are open connected STEs, and that means

‖y(t)− z(t)‖2 ≤
t∫

0

(
L1 ‖y(τ )− z(τ )‖2 + L2 ‖λp,k(τ )‖2

)
dτ

≤L2‖λp,k‖L2
+ L1

∫ t

0

‖y(τ )− z(τ )‖2 dτ (45)

where L1, L2 are the corresponding Lipschitz constants. Applying the
Gronwall-Bellman inequality to ‖y(t)− z(t)‖2 results in

‖y(t)− z(t)‖[0,T ] = sup
t∈[0,T ]

‖y(t)− z(t)‖2

≤L2 ‖λp,k‖L2
sup

t∈[0,T ]

⎛
⎝1+L1

t∫
0

eL1(t−τ)dτ

⎞
⎠ .

(46)

It is obvious that: (i) supt∈[0,T ](1 + L1

∫ t

0
eL1(t−τ)dτ ) is bounded

on [0, T ]; (ii) according to system (11) and (15), y(t) = 0;
(iii) ‖ũp,k‖L2

→ 0, ‖ỹp,k‖L2
→ 0 results in ‖λp,k‖L2

→ 0. Thus,
‖xs,k‖[0,T ]

→ 0 as ‖ũp,k‖L2
→ 0, ‖ỹp,k‖L2

→ 0.
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