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For multicopters, failures may abort missions, crash multicopters, and moreover, injure or even kill 
people. In order to guarantee flight safety, a system of prognostics and health management should be 
designed to prevent or mitigate unsafe consequences of multicopter failures, where health evaluation 
is an indispensable module. This paper proposes a health evaluation method of multicopters based on 
Stochastic Hybrid System (SHS). In the SHS model, different working conditions (health statuses) of 
multicopters are modeled as discrete states, and system behaviors of different working conditions are 
modeled as continuous dynamics under discrete states. Then, the health of multicopters is quantitatively 
measured by a definition of health degree, which is a probability measure describing an extent of system 
degradation from an expected normal condition. On this basis, the problem of multicopter’s health 
evaluation is transformed to a hybrid state estimation problem. In this case, a modified interacting-
multiple-model algorithm is proposed to estimate the real-time distribution of hybrid state, and evaluate 
multicopter’s health. Finally, a case study of multicopter with sensor anomalies is presented to validate 
the effectiveness of the proposed method.

© 2017 Published by Elsevier Masson SAS.
1. Introduction

1.1. Motivation and outline

Multicopters have attracted close attention in the field of air-
craft engineering. They are well-suited to a wide range of mission 
scenarios, such as search and rescue [1,2], package delivery [3], 
border patrol [4], military surveillance [3,5] and agricultural appli-
cation [6,7]. From a safety perspective, multicopter failures cannot 
be absolutely avoided, including communication breakdown, sen-
sor failure and propulsion system anomaly, etc. These failures may 
abort missions, crash multicopters, and moreover, injure or even 
kill people. In order to guarantee flight safety, a system of Prognos-
tics and Health Management (PHM) should be designed to prevent 
or mitigate unsafe consequences caused by multicopter failures 
[8]. As shown in Fig. 1, health evaluation is a key component in 
the PHM system, which has been highly concerned in the field of 
system engineering [9–12]. Information obtained from health eval-
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Fig. 1. PHM framework.

uation can be used to understand the system behavior, also as a 
reference for operating a safety decision-making [13].

The current research of health evaluation commonly focuses on 
a component level [14]. Fault diagnosis [15–19] and fault-tolerant 
control [20–25] related to specific components have been exten-
sively studied for enhancing the flight safety of aircrafts. Different 
from fault diagnosis, health evaluation research should concentrate 
on a performance of the whole aircraft rather than a fault occurred 
in local onboard components [12,26]. For multicopters, different 
onboard components such as actuators and sensors are correlated 
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Notation

x Process variable vector
y Observation
px, p y, pz Multicopter’s position in the earth-fixed frame
w,�w ,Q Process noise, its covariance matrix and driven ma-

trix
v,�v ,R Measurement noise, its covariance matrix and driven 

matrix
q Discrete state
f (·) Probability density distribution

H (·) Health degree
P {·} Probability measure
Tr Mission trajectory
� Transition probability matrix
π Transition probability
x̂ Estimate of x
P Covariance matrix of x
T Sample time
N (·) Gaussian distribution
through the autopilot. Sensor measurements are sent to the au-
topilot, analyzed in the autopilot, and then the control instructions 
are sent to actuators from the autopilot. In this case, the health of 
multicopters cannot only consider onboard component faults, but 
also the whole system behavior directed by the autopilot. How-
ever, there is little study concerning multicopter’s health evalua-
tion from a system behavior perspective. The main reason lies in 
two aspects: 1) a quantitative definition of system health is lacked. 
Residuals are always viewed as a quantitative index to characterize 
a fault [27–30] in fault diagnosis research, while PHM research al-
ways uses different kinds of physical and mathematical quantities 
as health indicators, such as sensor measurements [31,32], features 
[33,34] and reliability indices [35–38]. However, a unified mathe-
matical definition to describe and quantitatively measure system 
health is lacked and required to be proposed. 2) A multicopter 
model for both health evaluation and safety decision-making re-
search is lacked. The current research always separately studied 
health evaluation and safety decision-making of multicopters by 
using different models. Actually, accurate health evaluation is a key 
premise of correct safety decision-making, while safety decision-
making is the final purpose of health evaluation. Thus, it is re-
quired to study a model which can be used for both health evalu-
ation and safety decision-making research.

Stochastic Hybrid System (SHS) can be used to analyze and 
design complex systems that operate in the presence of uncertain-
ties, and contain multiple working modes [39–41]. It can model 
multicopter’s dynamic behavior and performance degradation, be-
cause it interacts continuous dynamics and discrete dynamics [42,
43]. These characteristics enable SHS to be used in designing 
multicopter’s autopilot for the purpose of both health evaluation 
and safety decision-making. In this case, this paper proposes an 
SHS-based health evaluation method for multicopters. In the SHS 
model, different working conditions (health statuses) of multi-
copters are modeled as discrete states, and system behaviors of 
different working conditions are modeled as continuous dynamics 
under discrete states. Then, the health of multicopters is quantita-
tively measured by a definition of health degree, which is a prob-
ability measure describing an extent of system degradation from 
an expected normal condition. On this basis, the problem of multi-
copter’s health evaluation is transformed to a hybrid state estima-
tion problem. In this case, a modified interacting-multiple-model 
(IMM) algorithm is proposed to estimate the real-time distribution 
of hybrid state, and the health degree is further calculated. Finally, 
a case study of a multicopter with sensor anomalies is simulated 
to validate the effectiveness of the proposed method, and some 
comparative studies are also made and discussed.

1.2. Related work

The UAV health can be characterized into four categories [14]:
1) Structure/Actuator health. This category focuses on dam-

age of structure and actuator components of UAVs. For structure 
health, flight data and vibration signals from airframe including 
wings [44,45], blades [46] and tail booms [47] are usually col-
lected and analyzed by data-driven approaches to detect anoma-
lies in both time and frequency domain [48]. For actuator health, 
filtering-based methods are always used to estimate an additive 
fault [49,50] or a degradation of control efficiency [51], where 
residuals [27–30] and controllability index [52] are viewed as 
health indices. On this basis, fault-tolerant algorithms dealt with 
such failures [20–25] are widely studied.

2) Sensor health. This category focuses on failure of onboard 
sensor-hardwares such as barometers, gyroscopes, etc. Sensor fail-
ure may include loss of signal, signal stuck, drift, big noise in-
terference, etc. Similar as actuators, the health evaluation of sen-
sors can be also based on observers and filtering-based methods 
[53–55]. Meanwhile, data-driven approaches [56] and fusion ap-
proaches [57,58] are also proposed to detect sensor faults. Based 
on fault detection results, fault-tolerant algorithms dealt with such 
a failure [59,60] are also studied.

3) Communication health. This category concentrates on the 
functionality of the signal transmission between the UAV and the 
remote controller or ground control station, even among multiple 
UAVs. Interference, loss of contact and degraded contact quality are 
commonly appeared during flight. In this area, most works study 
the decision-making, coordination and cooperation of a UAV team 
when communication anomaly occurs [61]. Meanwhile, there ex-
ists research about mission planning for communication constraint 
situation [5]. In addition, civilian-purposed UAVs are vulnerable to 
malicious data interference. This leads to a game-theoretical anal-
ysis of attack and anti-attack of UAVs by using communication 
channels [62–64].

4) Fuel health. Battery is commonly-seen as a power source of 
small UAVs. State-of charge and state-of-health are two indices re-
flecting the remaining capacity and residual life of batteries [65]. 
There exists amounts of research on the evaluation and prediction 
of these indices [66–69]. For safety and reliability purpose, battery 
management system is also studied and developed [70–72]. For 
other type of fuel, the emphasis is on the mission planning when 
the fuel quantity drops below a certain threshold [73,74].

To sum up, the existed PHM methods of UAVs are mainly fo-
cused on the fault detection and identification at the component 
level and the corresponding mission planning scheme. In these 
methods, sensor measurements, features, residuals and reliability 
indices are used as health indicators. Different from the mentioned 
research, this paper introduces a concept of health degree as a uni-
fied health indicator to evaluate health of multicopters, where the 
value quantitatively reflects the performance deviation from the 
expected normal condition. Since the health degree is calculated 
based on the distribution of system process (continuous) variables, 
the proposed method is a health evaluation method at a system 
behavior level.

The remainder of this paper is organized as follows. Section 2
proposes an SHS-based model of multicopters, and quantitatively 
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defines its health by introducing the definition of health degree. 
Section 3 proposes a modified IMM algorithm to evaluate the 
health of the multicopter. Section 4 presents a case study of mul-
ticopter with sensor anomalies to validate the effectiveness and 
advantages of the proposed health evaluation method, where sim-
ulation results are given and discussed. Section 5 gives a conclu-
sion, and indicates future development of the proposed method.

2. An SHS-based modeling of multicopter and its health 
definition

In this section, preliminaries of discrete-time SHS model
[40–43] are presented. Then, two kinds of models, namely “Sto-
chastic Continuous System (SCS)-based model” and “SHS-based 
model”, are presented to model the multicopter for the purpose 
of health evaluation. On this basis, a health definition of multi-
copters is proposed.

2.1. Preliminaries

Let (�,F ,Ft,P) be a complete probability space with a sam-
ple space �, a σ -field of the events F , a natural filtration Ft and 
a natural probability measure P :F −→ [0,1]. Let B (·) denote the 
Borel σ -algebra.

Definition 1. In the probability space (�,F ,Ft,P), a general 
discrete-time SHS model is a tuple H = (Q,n, Init, Tx, Tq, R

)
, 

which is detailed as follows:
1) Q : = {q1,q2, · · · ,qm} is a finite set of discrete states for 

m ∈ N.
2) n :Q −→N which assigns each discrete state q ∈Q a contin-

uous state space Rn(q) . Then, the hybrid state s = (q, x) is defined 
in the hybrid state space S =Q×R

n(q) .
3) Init : B (S)−→ [0,1] represents the initial distribution of the 

hybrid state space S .
Fig. 2. General closed-loop multicopter model.

4) Tx : B (Rn(·))× S −→ [0,1] is a Borel-measurable stochastic 
kernel on Rn(·) given S , which assigns to each s ∈ S a probability 
measure on the Borel space 

(
R

n(q),B
(
R

n(q)
)) : Tx (· |s ).

5) Tq : Q × S −→ [0,1] is a discrete stochastic kernel on Q
given S , which assigns to each s ∈ S a probability distribution over 
Q : Tq (· |s ).

6) R : B (Rn(·))×S ×Q−→ [0,1] is a Borel-measurable stochas-
tic kernel on Rn(·) given S ×Q, that assigns to each s ∈ S , and 
q′ ∈Q a probability measure on the Borel space 

(
R

n
(
q′)

,B
(
R

n
(
q′)))

: R 
(· ∣∣s,q′ ).

2.2. Multicopter modeling

In this section, two kinds of closed-loop multicopter models in-
cluding multicopter plant, controller, and observer are presented. 
Fig. 2 describes a general framework of the multicopter model, 
while Fig. 3 presents the “multicopter plant” in Fig. 2. The details 
of the two models are presented as follows.

2.2.1. SCS-based model
Scholars have studied the dynamics of multicopters [49,50,

75–77]. Equation (1) presents a general dynamic model:
Fig. 3. Model plant.
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ṗx = vx

ṗ y = v y

ṗz = vz

v̇x = −uz (cosφ sin θ cosψ + sinφ sinψ)/m
v̇ y = −uz (cosφ sin θ sinψ − sinφ cosψ)/m
v̇z = −uz cosφ cos θ/m + g
φ̇ = vφ + tan θ

(
vψ cosφ + vθ sinφ

)
θ̇ = vθ cosφ − vψ sinφ

ψ̇ = sec θ
(

vψ cosφ + vθ sinφ
)

v̇φ = ( J y − J z
)

vψ vθ / J x + uφ/ J x

v̇θ = ( J z − J x) vφ vψ/ J y + uθ / J y

v̇ψ = ( J x − J y
)

vφ vθ / J z + uψ/ J z︸ ︷︷ ︸
ẋ = G (x, u)

(1)

where the vector x = (px, p y, pz, vx, v y, vz, φ, θ,ψ, vφ, vθ , vψ

)T ∈
R

12×1 contains process variables of the multicopter. The compo-
nents px, p y, pz represent the multicopter’s position in the earth-
fixed frame; the components vx, v y, vz represent the multicopter’s 
velocity in the earth-fixed frame; the components φ, θ, ψ repre-
sent the angles of roll, pitch and yaw, respectively; the compo-
nents vφ, vθ , vψ represent the angular velocity of φ, θ, ψ , respec-
tively; The parameters J x, J y, J z are the moments of inertia along 
x, y, z directions, respectively; m is the mass of the multicopter; 
g is the acceleration of gravity. The positive direction of z-axis 
of the earth-fixed frame points to the ground. The control input 
u = [uz, uφ, uθ , uψ

]T
includes a total lift and moments of angles 

φ, θ, ψ , respectively.
With the estimated x̂ by a designed observer and an expected 

control target xd = [px,d, p y,d, pz,d,ψd
]T, the control input u =[

uz, uφ, uθ , uψ

]T can be calculated by a PD controller as

uz = −kP ,z
(

pz,d − p̂z
)+ kD,z v̂ z + mg

uφ = kP ,φ

(
φd − φ̂

)
− kD,φ v̂φ

uθ = kP ,θ

(
θd − θ̂

)
− kD,θ v̂θ

uψ = kP ,ψ

(
ψd − ψ̂

)
− kD,ψ v̂ψ,

(2)

where[
θd
φd

]
= g−1

(
cos ψ̂ sin ψ̂

sin ψ̂ − cos ψ̂

)−1

×
(

KPa

[
p̂x − px,d
p̂ y − p y,d

]
+ KDa

[
v̂x

v̂ y

])
. (3)

Equations (2) and (3) describe a position controller of the multi-
copter. To obtain the discrete-time dynamic model of the multi-
copter, equation (1) is discretized through the Euler method [78]
as

x (k) = x (k − 1) + T G (x (k − 1) , u (k)) , (4)

where T is the discretized time. Combining (4) with an observation 
equation and related noise items, we have

x (k) = f (x (k − 1) , u (k)) + �w w (k)

y (k) = Cx (k) + �v v (k)
(5)

where the function f (x (k − 1) , u (k)) = x (k − 1) + T G(x (k − 1) ,

u (k)); the vector y contains system measurements, and C is the 
corresponding parameter matrix. Without loss of generality, let C =
I12 be an identity matrix, which means all process variables are 
directly measured. The items w and v are the process noise and 
measurement noise, satisfying that{

w (·) ∼ N (0,Q) , v (·) ∼ N (0,R) ,∀k
cov [w (k) , v ( j)] = E

[
w (k) v T ( j)

]= 0,∀k, j
, (6)
where Q and R are the covariance matrices. The matrices �w and 
�v are the corresponding noise driven matrices. Note that equation 
(5) is a discrete-time stochastic continuous (variable) system.

Remark 1. The presented model in this part, namely “SCS-based 
model”, only models the multicopter system when the multicopter 
is in a fully healthy status. However, for the purpose of health eval-
uation, the multicopter contains different health statuses, where 
transitions might occur among them. Considering the SHS model 
has discrete dynamics as well as continuous dynamics, an SHS-
based multicopter is presented for the purpose of health evalua-
tion.

2.2.2. SHS-based model
An SHS-based multicopter model is constructed as shown in 

Fig. 3(b). For simplicity, we have two assumptions as follows.

Assumption 1. Sensors including GPS, barometer and compass are con-
sidered to be possibly unhealthy in the SHS-based model. The other on-
board components such as propulsion system, communication system 
and other sensors are all considered to be healthy.

Assumption 2. There will be at most one anomaly occurred in either 
GPS, barometer or compass at the same time, which means it is impossi-
ble that two sensors are simultaneously unhealthy.

Remark 2. Assumption 1 confines the discrete dimension of the 
SHS-based model, which leads to convenient understanding of the 
SHS-based model structure and the subsequent health evaluation 
algorithm. Assumption 2 also confines the discrete dimension. This 
is reasonable, because there is little chance that two sensors are 
both unhealthy at the same time for a qualified multicopter prod-
uct. Actually, Assumptions 1 and 2 can be relaxed by introducing 
more discrete states of SHS (health statuses). This relaxation has 
little influence on the health evaluation algorithm.

According to Assumptions 1 and 2, four discrete states are 
considered in the SHS-based multicopter model. Following Defi-
nition 1, we have

Q ={q1,q2,q3,q4} ,

where q1 is a fully healthy status, q2 is a GPS anomaly status, q3 is 
a barometer anomaly status, and q4 is a compass anomaly status, 
respectively. For ∀q j ∈Q, the continuous dynamics is

x (k) = f j (x (k − 1) , u (k)) + �w, j w j (k)

y (k) = C jx (k) + �v, j v j (k)
, (7)

where⎧⎨
⎩

f 1 (·) = f 2 (·) = f 3 (·) = f 4 (·) = f
�w,1 = �w,2 = �w,3 = �w,4 = �w
f (w1) = f (w2) = f (w3) = f (w4) = f (w)

.

The symbol f (w) is the probability density function (pdf) of w . 
Note that f j (·) contains the controller same as (2). As to the ob-
servation equation, for state q1, we have⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

C1 =

⎡
⎢⎢⎢⎣

c1
c2
...

c12

⎤
⎥⎥⎥⎦

�v,1 = �v

, (8)

where c i is the ith row vector of C1. For state q2 representing 
GPS anomaly, the components 

{
px, p y

}
of x may be incorrectly 
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Table 1
Multicopter model information.

Type SCS-based model SHS-based model
Plant described in (5) and Fig. 3(a) described in (7) and Fig. 3(b)
Controller described in (2)&(3) described in (2)&(3)
Observer Extended Kalman Filter (EKF) a modified IMM-based algorithm

measured, even the GPS measurements are completely lost. Then, 
we have

C2 = C1\
[

c1
c2

]
, (9)

which is interpreted that C2 is the rest part of subtracting the rows 
c1 and c2 from C1. The meaning of C2 is that when a GPS anomaly 
occurs, the continuous dynamics under state q2 does not consider 
GPS measurements, despite whether the GPS can generate mea-
surements or not. According to this principle, for states q3 and q4, 
we have

C3 = C1\e3
C4 = C1\e9

, (10)

because the height pz and the yaw angle ψ are the 3rd and 9th 
components of x, respectively. The observation noise v and the 
corresponding noise driven matrix �v under states q2, q3 and q4
can be also obtained following the similar variation of the ma-
trix C j .

It should be indicated that (7) determines the stochastic ker-
nel Tx (· |s ). Note that the stochastic kernel Tx (· |s ) is different for 
different health statuses, because the forms of C j and �v, j v j are 
inconsistent for different health statuses. For the stochastic kernel 
Tq (· |s ), it reflects the transitions among different health statuses. 
Here, the discrete dynamics is a first-order Markov chain with 
transition probabilities as

P
{

q j (k + 1) |qi (k)
}= πi j (k) , ∀qi,q j ∈ Q,

and

m∑
j=1

πi j (k) = 1, i = 1,2, · · · ,m.

The failure rate or anomaly rate of onboard components in a multi-
copter and the related reliability test data are helpful for determin-
ing the value of the transition probability πi j . For the stochastic 
kernel R 

(· ∣∣s,q′ ), we can let R 
(· ∣∣s,q′ ) = Tx (· |s ). This indicates 

that during the time step when the discrete transition occurs, the 
system process variables keep evolving according to the continu-
ous dynamics of the previous discrete state before the transition.

Up to now, two kinds of multicopter model are presented. Ta-
ble 1 summarizes the model information presented in this section.

Remark 3. The sub-model of state q1 in the SHS-based model is 
an SCS-based model. This indicates that the SHS-based model is a 
more general model, which fits the requirement of health evalua-
tion.

Remark 4. The SHS-based model can be extended for consider-
ing more kinds of unhealthy situations. For example, other sen-
sors such as gyroscope anomaly can be also modeled as a new 
health status following the principles above. For propulsion system 
anomaly, especially for actuator anomaly, the form of the nonlin-
ear function f (·) with a control effectiveness matrix and the noise 
item �w w can be modified to generate new health statuses.
Fig. 4. Diagram of the predefined mission trajectory T r and the tolerant threshold ε.

2.3. Health definition

In order to quantitatively evaluate the performance of the mul-
ticopter, a definition of the health degree is proposed for a multi-
copter. “Health” can be defined as an extent of system degradation 
or performance deviation from an expected normal condition [79]. 
A dynamical system is considered healthy if suitable for its in-
tended purpose for an extended period of time and considered 
unhealthy if damaged or approaching a status of failure for its in-
tended purpose [80]. In this case, an mathematical definition of 
health degree is proposed for a multicopter by referring to the 
safety assessment in SHS theory [40,41] and the real-time relia-
bility evaluation in reliability theory [35–37].

A multicopter is always expected to execute a mission from 
the assignment of users. The mission can be described by a 
sequence of waypoints, indicating a mission trajectory. From a 
perspective of health of dynamical systems, a multicopter is con-
sidered healthy if it flies following the trajectory without devi-
ation. Thus, the health degree is defined as a probability that 
the multicopter follows the mission trajectory. Suppose a multi-
copter has a predefined mission trajectory T r = {(pM

x , pM
y , pM

z

)
,

k
∣∣(pM

x (k) , pM
y (k) , pM

z (k)
) ∈R

3, for k = 0,1,2, · · · }. Then, we
propose definitions of instantaneous health degree and interval 
health degree.

Definition 2 (Instantaneous health degree). Given a mission trajec-
tory T r and the real position 

(
px (k) , p y (k) , pz (k)

)
of a multi-

copter at time k. Let

	p (k) =
∥∥∥(px (k) , p y (k) , pz (k)

)− (pM
x (k) , pM

y (k) , pM
z (k)
)∥∥∥

2
.

The instantaneous health degree at time k is defined as

H (k) = P
{
	p (k) � ε

∣∣∀q j ∈ Q
}
, (11)

where ε > 0 represents the tolerant threshold of behavior devia-
tion caused by anomalies as shown in Fig. 4.

Definition 3 (Interval health degree). Given a mission trajectory T r
and the real position 

(
px, p y, pz

)
of a multicopter over a time 

interval [k1,k2]. The interval health degree over a time interval 
[k1,k2] is defined as

H (k1,k2) = P
{
	p ( j)� ε,∀ j ∈ [k1,k2]

∣∣∀q j ∈ Q
}
. (12)

Remark 5. As shown in Fig. 4, the envelope generated by the mis-
sion trajectory T r and the tolerant threshold ε is called as a health 
set, which is similar as the safe set definition in the safety assess-
ment research. For an assigned mission, its trajectory is predefined 
and known, and the tolerant threshold ε should be appropriately 
selected based on specific user requirements and engineering ex-
perience. On this basis, the instantaneous health degree is the 
probability that the multicopter remains within the health set at 
time k, no matter which discrete state it belongs to. It uses an in-
stantaneous behavior of multicopter to measure its health, and the 
health degradation can be obtained immediately after the anomaly 
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Table 2
Procedure of the classic IMM algorithm.

1. Interacting (for j = 1,2, · · · ,m)

1) predicted mode probability: μ j (k|k − 1) �P
{

q j (k) |Yk−1
}=∑i πi jμi (k − 1)

2) mixing probability: μi| j (k − 1) �P
{

qi (k − 1) |q j (k) ,Yk−1
}= πi jμi (k − 1)

/
μ j (k|k − 1)

3) mixing estimate: x̂0
j (k − 1|k − 1) � E

[
x (k − 1) |q j (k) ,Yk−1

]=∑i x̂i (k − 1|k − 1)μi| j (k − 1)

4) mixing covariance: P0
j (k − 1|k − 1) � cov

[
x̂0

j (k − 1|k − 1)
∣∣q j (k) ,Yk−1

]
=∑i [Pi (k − 1|k − 1)

+
[

x̂0
j (k − 1|k − 1) − x̂i (k − 1|k − 1)

][
x̂0

j (k − 1|k − 1) − x̂i (k − 1|k − 1)
]T
]
μi| j (k − 1)

2. Model-conditional filtering (for j = 1,2, · · · ,m)

1) predicted state: x̂ j (k|k − 1) � E
[
x (k) |q j (k) ,Yk−1

]= f j

(
x̂0

j (k − 1|k − 1) , u (k)
)

2) predicted covariance: P j (k|k − 1) � cov
[
x̂ j (k|k − 1)

∣∣q j (k) ,Yk−1
]

= A j (k − 1) P0
j (k − 1|k − 1) AT

j (k − 1) + �w, j Q j�
T
w, j , where A j (k − 1) = ∂ f j

∂x

∣∣∣∣x̂0
j (k−1|k−1),u(k)

3) measurement residual: r j � y (k) − E
[

y (k) |q j (k) ,Yk−1
]= y (k) − C j (k) x̂ j (k|k − 1)

4) residual covariance: S j � cov
[
r j
∣∣q j (k) ,Yk−1

]= C j (k)P j (k|k − 1) CT
j (k) + �v, j R j�

T
v, j

5) filter gain: K j = P j (k|k − 1) CT
j (k)S−1

j

6) updated state: x̂ j (k|k)� E
[
x (k) |q j (k) ,Yk

]= x̂ j (k|k − 1) + K j r j

7) updated covariance: P j (k|k)� cov
[
x̂ j (k|k)

∣∣q j (k) ,Yk
]= P j (k|k − 1) − K j ST

j K j

3. Mode probability update (for j = 1,2, · · · ,m)

1) likelihood function: L j (k) = N
(
r j;0,S j

)= 1√∣∣(2π)S j
∣∣ exp

(
− 1

2 rT
j S−1

j r j

)
2) mode probability: μ j (k) �P

{
q j (k) |Yk

}= μ j (k|k−1)L j (k)∑
i μi (k|k−1)Li (k)

3) mode estimation: μ j (k) = maxi μi (k)

{ �μT =⇒ The system is in mode q j

< μT =⇒ No mode is recognized
4. Estimate fusion (for the output purpose)

1) overall estimate: x̂ (k|k)� E
[
x (k) |Yk

]=∑ j x̂ j (k|k)μ j (k)

2) overall covariance: P (k|k)� E
[[

x (k) − x̂ (k|k)
] [

x (k) − x̂ (k|k)
]T |Yk

]
=∑ j

[
P j (k|k) + [x̂ (k|k) − x̂ j (k|k)

] [
x̂ (k|k) − x̂ j (k|k)

]T ]
μ j (k)

5. k = k + 1
occurs. Furthermore, the interval health degree is the probability 
that the multicopter remains within the health set over the time 
interval [k1,k2], no matter which discrete state it belongs to. It fo-
cuses on a behavior over a time interval to evaluate system health, 
and it treats system health as a process indicator representing sys-
tem features over a time interval. Both the definitions have their 
own advantages.

3. Health evaluation of multicopter

3.1. Problem formulation

For the presented SHS-based multicopter model H =(
Q,n, Init, Tx, Tq, R

)
, an initial distribution of the hybrid state 

s (0) = (q (0) , x (0)) can be described as{
f
(
x (0)
∣∣q j (0)

)= N
(
x̂ j (0) ,P j (0)

)
P
{

q j (0)
}= μ j (0)

, j = 1,2, · · · ,m,

where μ j (0) � 0 for ∀q j ∈ Q, and 
∑m

j=1 μ j (0) = 1. Let Yk =
{y (0) , y (1) , · · · , y (k)} represent the sequence of sensor measure-
ments up to time k. In order to calculate the health degree at 
time k by Definition 2, the distribution of the hybrid state s should 
be accurately estimated, including the pdf f

(
x (k)
∣∣q j (k) ,Yk

)
(i.e.

distribution of process variables x (k) conditional on discrete state 
q j (k) and Yk) and the discrete state probability P

(
q (k)
∣∣Yk
)
. By 

the theorem of total probability, we have

f
(

x (k)

∣∣∣Yk
)

=
m∑

j=1

f
(

x (k)

∣∣∣q j (k) ,Yk
)

·P j

(
q j (k)

∣∣∣Yk
)

. (13)

Then, the health degree at time k is calculated as

H (k) =
∫

f
(

x (k)

∣∣∣Yk
)

dx, (14)
�

where � is a polyhedron with a center 
(

pM
x (k) , pM

y (k) , pM
z (k)
)

and a radius ε. For the health degree over a time interval [k1,k2], 
assuming the time index conforms to uniform distribution for sim-
plicity, we have

H (k1,k2) =
k2∑

i=k1

H (i)

k2 − k1
. (15)

According to (13)–(15), the key of the health degree calcula-
tion is to accurately estimate the distribution of the hybrid state s. 
In this case, an IMM-based algorithm [81] is employed here to 
achieve hybrid state estimation.

3.2. IMM-based health evaluation

3.2.1. Classic IMM algorithm
The classic IMM algorithm is a recursive estimator [81]. In 

each recursive cycle, it consists of four major steps: 1) model-
conditional reinitialization (interacting or mixing of the estimates), 
where the input to the filter of each mode is obtained by mixing 
the estimates of all filters at the previous time under the assump-
tion that the system is in this particular mode at the present 
time; 2) model-conditional filtering, performed in parallel for each 
mode; 3) mode probability update, based on the model-conditional 
likelihood functions; 4) estimate fusion, which yields the overall 
state estimate as the weighted sum of the updated state estimates 
of all filters. The procedure of the classic IMM algorithm is shown 
in Table 2. Note that the concept of mode in the IMM algorithm 
corresponds to the concept of discrete states in the SHS-based 
multicopter model.

Remark 6. For performing the classic IMM algorithm on the health 
evaluation of a multicopter with the SHS-based model, there are 
two deficiencies which are required to be modified. i) In the classic 
IMM algorithm, the transition probability is assumed to be con-
stant over the studied time interval, and the transition probability 
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from any particular anomaly mode to the normal mode is gener-
ally and artificially set larger than others in order to prevent a false 
fault diagnosis [82]. However, the unchanged transition probabil-
ity can mislead the mode identification to intermittently declare a 
false alarm, especially when a fault-tolerant controller works well 
after the first anomaly occurs. This is because the model proba-
bility of the healthy mode tends to increase again as the current 
anomalous system converges to a steady state by the fault-tolerant 
control law after an anomaly occurs [83]. ii) Following the clas-
sic IMM algorithm, the real-time distribution of f

(
x (k)
∣∣q j (k) ,Yk

)
cannot be approximated as a Gaussian distribution, because the 
mixing covariance in Step 1 will change the covariance of x under 
mode q j in a non-Gaussian way. This will lead to a difficulty in 
the health degree calculation due to a non-Gaussian distribution 
of f
(
x (k)
∣∣q j (k) ,Yk

)
.

In this case, two modifications are made to the classic IMM 
algorithm, and the health evaluation algorithm based on the mod-
ified IMM algorithm is proposed as follows.

3.2.2. Health evaluation based on the modified IMM algorithm
3.2.2.1. Modification 1 In current IMM research [81,82,84–86], the 
transition probability matrix is always assumed to be known and 
constant as prior knowledge. As indicated in Remark 6, the un-
changed transition probability can mislead the mode identification 
to intermittently declare a false alarm. This problem can be solved 
by adjusting the transition probability matrix after an anomaly oc-
curs. The principles are as follows.

i) Let the IMM “thinks” the normal (healthy) mode before the 
first anomaly occurrence is not the normal mode any more. The 
declared anomaly mode should be viewed as a new “normal” mode 
[83]. It means that if the model probability of a certain anomaly 
mode remains larger than that of any other mode for a specific 
time instance, the transition probability related to the correspond-
ing anomaly mode should be increased. On the other hand, the 
transition probability related to the previous mode should be de-
creased to reflect the fact that the anomaly mode selected by the 
mode identification algorithm becomes currently dominant.

ii) The update process should be efficiently implemented, be-
cause most algorithms of transition probability estimation are with 
high computational complexity [82,87].

In this case, an update of transition probability is added to the 
classic IMM algorithm. Suppose the system is in mode qi at time 
k − 1, and in mode q j at time k, qi 	= q j . Let � (k) = [πi j (k)

]
m×m

be the transition probability matrix. Further define an elementary 
matrix as

� =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
· · ·

0 1 ← ith row

. . .

1 0 ← jth row
· · ·

1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

m×m

. (16)

Then, the transition probability matrix � (k) is updated as

� (k) = � · � (k − 1) · �,

which means � (k) is obtained from � (k − 1) by an elementary 
row transformation and an elementary column transformation. Af-
ter the update, mode q j at time k becomes currently dominant 
instead of mode qi . In Section 4, this modification is validated to 
be a necessary step, and a guarantee for correct mode identifi-
cation. This is because the restriction that real discrete dynamics 
should be precisely known as a priori is relaxed.
3.2.2.2. Modification 2 As indicated in Remark 6, the real-time 
distribution of f

(
x (k)
∣∣q j (k) ,Yk

)
cannot be approximated as a 

Gaussian distribution following the classic IMM algorithm. In this 
case, a modification is performed on the IMM algorithm by let 
P0

j (k − 1|k − 1) = P j (k − 1|k − 1) in Table 2. Actually, without the 
covariance mixing process, it will not degrade the performance of 
the IMM algorithm in our research, which will be shown in Sec-
tion 4. Thus, the pdf f

(
x (k)
∣∣q j (k) ,Yk

)
can be approximated as 

[88,89]

f
(

x (k)

∣∣∣q j (k) ,Yk
)

= N
(
x̂ j (k|k) ,P j (k|k)

)
.

By applying Modifications 1&2 to the classic IMM algorithm, 
the health evaluation is performed on the SHS-based multicopter 
model based on the modified IMM algorithm. The diagram of the 
health evaluation process is shown in Fig. 5, and the details of the 
algorithm are presented in Table 3.

4. A case study: multicopter with sensor anomalies

In this section, the proposed health evaluation method is per-
formed on a multicopter with sensor anomalies. The sensors 
GPS, barometer and compass are considered alternately unhealthy 
in the simulation. The SHS-based model configuration, simulated 
flight data generation and health evaluation results are presented. 
Also, discussions and some comparisons are given in this section.

4.1. Model configuration

The parameters in the SHS-based model presented in Section 2
are listed in Table 4.

Remark 7. For ease of visualization, the controllers of different 
health statuses are identical, which will make readers easy to view 
the performance deviation from the expected normal condition. 
Actually, for the purpose of safety decision-making, the controller 
of different health statuses should be set to be different. For ex-
ample, when the GPS anomaly is detected, the controller should 
be changed to perform returning home or landing rather than con-
tinue to execute the predetermined mission.

For the system noise w and the noise driven matrix �w , set

w (·) ∼ N (0,Q)

�w = diag {0,0,0,1,1,1,0,0,0,1,1,1}
where

Q = diag{0.01,0.01,0.01,0.01,0.01,0.01,0.001,0.001,0.001,

0.001,0.001,0.001}.
For measurement noise v j and noise driven matrix �v, j under 
each state q j , set

q1 :

⎧⎪⎪⎨
⎪⎪⎩

v1 (·) ∼ N (0,R1)

R1 = diag{0.2,0.2,0.2,0.5,0.5,0.5,0.001,0.001,

0.001,0.001,0.001,0.001}
�v,1 = diag {1,1,1,1,1,1,1,1,1,1,1,1}

.

For states q2, q3 and q4, the matrices R j and �v, j can be obtained 
following the principles as presented in (8)–(10). Referring to [81,
82,84,85], the transition probability matrix representing discrete 
dynamics is set as

� =

⎡
⎢⎢⎣

0.97 0.01 0.01 0.01
0.1 0.9 0 0
0.1 0 0.9 0
0.1 0 0 0.9

⎤
⎥⎥⎦ .
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Fig. 5. Diagram of IMM-based health evaluation algorithm. This diagram is a comprehensive format of Fig. 1 by employing the SHS-based multicopter model and the 
IMM-based health evaluation algorithm.

Table 3
Procedure of the health evaluation algorithm.

1. Interacting (for j = 1,2, · · · ,m)

1) predicted mode probability: μ j (k|k − 1) �P
{

q j (k) |Yk−1
}=∑i πi j (k − 1)μi (k − 1)

2) mixing probability: μi| j (k − 1) �P
{

qi (k − 1) |q j (k) ,Yk−1
}= πi j (k − 1)μi (k − 1)

/
μ j (k|k − 1)

3) mixing estimate: x̂0
j (k − 1|k − 1) � E

[
x (k − 1) |q j (k) ,Yk−1

]=∑i x̂i (k − 1|k − 1)μi| j (k − 1)

4) setting covariance: P0
j (k − 1|k − 1) = P0

j (k − 1|k − 1)

2. Model-conditional filtering (for j = 1,2, · · · ,m)

1) same with 1)–7) presented in Table 2
3. Mode probability update (for j = 1,2, · · · ,m)

1) same with 1)–7) presented in Table 2
4. Estimate fusion (for the output purpose)

1) overall estimate: x̂ (k|k) � E
[
x (k) |Yk

]=∑ j x̂ j (k|k)μ j (k)

5. Update transition probability matrix
1) set elementary matrix �: Given qi = q (k − 1) ,q j = q (k), set � by (16)
2) update: � (k) = � · � (k − 1) · �

6. Health degree calculation
1) calculate the instantaneous health degree and interval health degree by (13), (14) and (15)

7. k = k + 1
Table 4
Multicopter model parameters.

m 1.535 kg
J x, J y , J z 0.0411,0.0478,0.0599 kg·m2

g 9.8 m/s2

T 0.01 s
kP ,z,kD,z 10,8
kP ,φ ,kD,φ 5,0.8
kP ,θ ,kD,θ 5,0.8
kP ,ψ ,kD,ψ 5,0.4
KPa,KDa I2,2I2

It can be seen that the state q1 is dominant in the configura-
tion of �. However, the transition probability matrix will be up-
dated in the modified IMM algorithm. Thus, the restriction that 
real discrete dynamics should be precisely known as a priori is re-
laxed.
4.2. Simulated flight data generation

Here, equation (7) is used to generate real flight data under dif-
ferent anomalies, including true values of process variables of the 
multicopter and their measurements. In the simulation, different 
anomalies occur alternately as shown in Table 5. The whole simu-
lation time is 160 s, and the sample time T = 0.01 s.

The observation equation of (7) is used to generate system 
measurements under the fully healthy status. For simulating GPS 
measurement with big noise, the related parameters of covariance 
matrix R1 of v1 (·) is temporally increased as

R1 (1,1) = R1 (2,2) = 2.2.

For GPS measurement drift, add a random value to the measure-
ments px and p y as shown below
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Table 5
Simulated flight data generation.

Time interval 0–6 s 6 s–20 s 20 s–30 s
Anomaly type fully healthy GPS measurement with big noise fully healthy

Time interval 30 s–40 s 40 s–50 s 50 s–60 s
Anomaly type barometer measurement with big noise compass measurement with big noise GPS measurement drift

Time interval 60 s–70 s 70 s–90 s 90 s–100 s
Anomaly type fully healthy barometer measurement drift fully healthy

Time interval 100 s–130 s 130 s–160 s
Anomaly type barometer measurement lost GPS measurement lost
⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

y (k) = C1x (k − 1) + �v,1 v1 (k) + 	p (k)

	p (k) = [	px (k) ,	p y (k) ,0, · · · ,0
]T

	px (k) = 1 + ξx (k)

	p y (k) = 2 + ξy (k)

ξx (·) ∼ N (0,0.1) , ξy (·) ∼ N (0,0.1)

.

For loss of GPS measurements, (7) is changed to{
y1 (k) = y1 (k − 1)

y2 (k) = y2 (k − 1)
.

For barometer and compass anomalies, similar process is per-
formed to generate related measurements.

4.3. Health evaluation results

The proposed health evaluation algorithm is performed on the 
SHS-based multicopter with the generated flight data in Table 5. 
The results are shown in Figs. 6–11. According to Definitions 2
and 3, the components 

{
px, p y, pz

}
in x are most concerned in 

the health evaluation of multicopters. Fig. 6 shows the variation of 
measurements and the estimated values of 

{
px, p y, pz

}
. Fig. 7 de-

picts true values, expected values and estimated values with 95% 
confidence interval of 

{
px, p y, pz

}
. Fig. 8 compares the estimation 

results by using the SHS-based model and the SCS-based model. 
From Figs. 6–8, it can be concluded that: 1) despite the incor-
rect system measurements, even measurements lost, the process 
variables x can be also estimated. 2) When sensor anomaly (espe-
cially measurements lost) occurs, the estimated values will deviate 
from the true values for related components in x. 3) The estimated 
values are close to the expected values, because the controller 
of the multicopter always “thinks” that it makes the multicopter 
fly along the expected trajectory, despite the true trajectory devi-
ates. 4) By using the modified IMM algorithm, both the estimate 
values of x and the covariance matrix are obtained. Thus, a 95% 
confidence interval is displayed in Fig. 7, which covers the true 
trajectory of the multicopter. Note that when the estimate values 
of x are precise, the confidence interval is narrow, which can-
not be clearly depicted. 5) Compared with the estimation results 
with the SCS-based model, system variables can be estimated with 
smaller errors in a short time horizon with the SHS-based model 
after anomaly happens. It means that the SHS-based model is bet-
ter and more robust than a single dynamic model for the purpose 
of health evaluation.

Figs. 9 and 10 present the probabilities of different health sta-
tuses and state identification results based on the modified IMM 
algorithm, and the performance is compared with the classic IMM 
algorithm. The result shows that by updating the transition prob-
ability matrix, the modified IMM algorithm performs better than 
the classic one. After obtaining the pdf f

(
x (k)
∣∣q j (k) ,Yk

)
and the 

probability P
(
q (k)
∣∣Yk
)

of (13) as shown in Figs. 7 and 9, the 
health degree can be calculated according to (14) and (15). Here, 
the tolerant threshold ε in Definitions 2 and 3 is set to 0.3 m. The 
instantaneous health degree is calculated for each sample time T , 
Fig. 6. Measurements and estimates of
{

px, p y , pz
}

.

and the interval health degree is calculated for every 5 seconds in-
terval. The result is shown in Fig. 11. From Fig. 11, it can be seen 
that the health degree will decrease when sensor anomalies oc-
curs, which proves the variation of health degree is able to reflect 
system anomalies and performance degradation. Here, two com-
parative health evaluation results are also presented. 1) As shown 
in Fig. 8, the distribution of process variables can be also obtained 
by EKF based on the SCS-based model. On this basis, the health 
degree is calculated and depicted in Fig. 12. Comparing Fig. 11
with Fig. 12, it indicates that the health degree calculated by the 
modified IMM algorithm and the SHS-based model is more accu-
rate than that calculated by EKF and the SCS-based model. This 
is because the distribution of process variables estimated by the 
modified IMM algorithm is more accurate than that estimated by 
EKF, which has been shown in Fig. 8. 2) Fig. 6 shows the estimate 
of 
{

px, p y, pz
}

. Existed research usually gets the health informa-
tion of a dynamical system by comparing the estimated value of 
process variables with a health set. If the values of process vari-
ables at a time index or over a time interval are in the range 
of the health set, the system is considered healthy (the health 
degree is 1); otherwise, the system is considered unhealthy (the 
health degree is 0). Following this principle, the estimated values 
of 
{

px, p y, pz
}

are compared to the health set, and the result is 
shown in Fig. 13. Comparing Fig. 11 with Fig. 13, it reflects that the 
health degree is more sensitive to anomalies than the health eval-
uation result merely obtained by a comparison between system 
process variables and the health set. This is because the definition 
of health degree introduces the probability measure to health eval-
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Fig. 7. True values, expected values, and estimates with 95% confidence interval of {px, p y , pz
}

. (For interpretation of the colors in this figure, the reader is referred to the 
web version of this article.)

Fig. 8. Process variable estimation based on the SHS-based model and the SCS-based model.
uation by considering uncertainties, which is more appropriate for 
health evaluation of dynamical systems. As to the practical appli-
cation of the proposed method, since the IMM-based algorithm is 
based on filtering techniques, it is easy to implement the whole 
algorithm in practical engineering. As to the instantaneity, the pre-
sented case study is simulated by MATLAB R2010b on a desktop. 
The average operating time of each cycle is less than 1 ms, mean-
ing that compared to the sample time T = 0.01 s, the proposed 
health evaluation method is able to satisfy the instantaneity re-
quirement.

5. Conclusion

This paper proposes a health evaluation method of multi-
copters. The multicopter is modeled by SHS, and its health is 
quantitatively measured by introducing a definition of health de-
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Fig. 9. Health status probability obtained by the modified IMM algorithm and the classic IMM algorithm. (For interpretation of the colors in this figure, the reader is referred 
to the web version of this article.)

Fig. 10. Health status identification result obtained by the modified IMM algorithm and the classic IMM algorithm.
gree. Then, a modified IMM algorithm is proposed to estimate 
real-time hybrid state distribution. On this basis, the health degree 
is calculated. A case study of multicopter with sensor anomalies 
is presented to validate the effectiveness of the proposed method. 
The advantages of the SHS-based multicopter modeling and the 
health evaluation method presented in this paper are summarized 
in three aspects: 1) the SHS-based modeling concerns the safety is-
sue of multicopters. The discrete and continuous dynamics in SHS 
can model different health statuses and corresponding dynamic 
behaviors. The simulation results show that the performance of 
the SHS-based model behaves better than the SCS-based model. 
2) The health degree introduced in this paper gives a quantita-
tive indicator of system performance, which is beneficial to pilots 
for understanding the working condition of multicopters. 3) The 
modified IMM algorithm outputs the multivariate Gaussian distri-
bution of system process variables rather than just the estimated 
values, which provides more useful information about multicopter 
performance, especially when anomaly occurs. In future research, 
the proposed method can be extended in three aspects: 1) other 
anomalies such as propulsion system anomaly and communication 
breakdown can be added into the SHS-based multicopter model 
to extend the applicability of the proposed method. 2) Since the 
health degree is calculated on the system process variables, the 
health evaluation result is sensitive to external disturbances, which 
bring fluctuations to process variables. In order to solve this prob-
lem, the wind model should be added in the SHS-based multi-
copter model, or a health evaluation algorithm of a homogeneous 
multicopter team should be established. The two manners can 
effectively evaluate the amplitude and form of the external dis-
turbance, and eliminate its influence on health degree calculation. 
3) After health evaluation, health prediction and management is 
the next procedures of the PHM system as shown in Fig. 1. The 
concept of stochastic reachability has been already presented to 
predict system behavior in SHS research [41,90]. Combining the 
health prediction and stochastic reachability to extend the current 
work is an emphasis of future research. As to the management 
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Fig. 11. Health degree calculated by the modified IMM algorithm based on the SHS-
based model.

Fig. 12. Health degree calculated by EKF based on the SCS-based model.

Fig. 13. Health evaluation calculated by a comparison between system process vari-
ables and the health set.

level, a multicopter failsafe mechanism dealt with multiple failures 
will be also established based on health evaluation results in fu-
ture research.
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