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Nomenclature

Bp;i = number of blades of propeller i
cM;i = torque coefficient of propulsor i; cM;i ∈ R�
cT;i = thrust coefficient of propulsor i; cT;i ∈ R�
Dp;i = diameter of propeller i, m
dm;i = diameter of motor i, m
g = acceleration of gravity, �kg ⋅m�∕s2
Hp;i = geometric pitch of propeller i, m
Im0;i = no-load current of motor i, A
im;i = current of motor i, A
Ji = total inertia of motor i, kg ⋅m2

Jxx,
Jyy, Jzz

= moments of inertia around the roll, pitch, and yaw
axes of the multicopter frame, kg ⋅m2

Ke;i = back-electromotive force constant of motor i
Kt;i = torque constant of motor i
KV0;i = KV value of motor i, rpm∕V
kμ;i = ratio between the reactive torque and thrust of

propulsor i
Mi = antitorque of each propulsor i, N ⋅m
Mm;i = torque of motor i, N ⋅m
ma = mass of the multicopter, kg
mm;i = mass of motor i, kg
nd = number of propulsors to be designed
ni = parameter vector of the ith propulsor
np = propulsor numbers of a multicopter
nγ = number of propulsor physical parameters
pz = altitude of the multicopter, m
Rm;i = armature resistance of motor i, Ω
Ti = thrust of propulsor i, N
Tss;i = thrust of propulsor i when the vehicle is in a

hovering state, N
tr = recovery time from current state to zero for a linear

system
Ub = battery output voltage, V
Um;i = voltage of motor i, V
Um0;i = no-load motor input voltage of motor i, V
vz = vertical velocity of the multicopter, m∕s
ρdoc = degree of controllability
σi = throttle command

ϕ, θ, ψ = roll, pitch, and yaw angles of the multicopter, rad
ωx,
ωy, ωz

= roll, pitch, and yaw angular velocities of the
multicopter, rad∕s

ϖi = angular speed of motor i, rad∕s

I. Introduction

M ULTICOPTERS have been attracting increasing attention in
recent years due to their critical role in military and civil

applications [1–3]. However, the selection of a propulsion system
that will provide the desired performance is still one of the most
daunting tasks in the process of developing a multicopter [4]. To
design a multicopter, a designer may have to select the propulsion
system [including the battery packs, electronic speed controls
(ESCs), motors, and propellers] from a set of data sheets to assemble
the multicopter. Then, simulations and experiments are conducted to
determine whether the multicopter has met the performance
requirements, e.g., endurance time and payload capacity. In practice,
the design of a multicopter generally involves an iterative process of
design and verification; namely, the issues of design and verification
are intertwined. This situation makes the selection of the propulsion
system difficult and time consuming, especially for inexperienced
designers. Therefore, devoting efforts to simplify the design process
of multicopters is a worthwhile endeavor.
There are a lot of ways to design multicopters, and a few concepts

for the design optimization of multicopters based on a computer-
aided solver have been presented to simplify the design process of
multicopters. Based on a detailed model of the propulsion system,
one can evaluate the performance (endurance time and payload
capacity) of the considered multicopters [4,5]. Then, a propulsor
optimizer can be used to design and optimize the propulsion system
of the multicopters [4]. The optimal propulsion system will be
obtained, depending on the objective (e.g., lightest weight, longest
flight time, highest efficiency, or largest payload capacity) of the
optimizer. In Ref. [6], six criteria were provided as possible objective
function candidates when designing a multicopter, i.e., the minimum
time constant, power consumption, price, inertia roll, and inertia
pitch; or the maximum flight time. In practice, the designer needs to
choose proper objective functions based on the application’s
specifications. Current propulsion system design methods mainly
focus on achieving the mission requirements (e.g., payload
capacity [7], power efficiency or long duration [8,9], and dynamic
performance [10]) for which the vehicle is being designed.
Multidisciplinary optimization approaches were also considered in
Ref. [11]. Unquestionably, it has long been known that control
performance is an important property of a plant. However, fewworks
consider the control performance when selecting the appropriate
propulsion systems for multicopters. If the considered multicopter is
not sufficiently controllable, then the propulsion system needs to be
redesigned according to specific control requirements, which are
a waste of time and money. This Note will select the propulsion
system for a multicopter by taking the control performance into
consideration.
In thisNote, a degree of controllability (DOC)-basedmethodology

for optimizing the propulsion system of a multicopter is presented.
The output of the methodology is generally a propulsion system that
will allow a multicopter to have more control capacity (more capable
of changing the system state). This type of methodology was first
used to solve the problem of choosing actuator locations for the
attitude and shape control of large flexible space structures [12–14].
Many DOCs were defined during the 1970s ∼ 1980s: e.g., DOCs
based on the system Gramian matrix [15] (called the Gramian-
matrix-basedDOChere), andDOCs based on the size of the region in
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the state space that can be returned to the origin in a prescribed time
using bounded controls (called the state-norm-basedDOChere) [16].
The readers are referred to a recent paper [17] for an outline of the
state of the art in the field of the DOC. Compared with the Gramian-
matrix-based DOC, the state-norm-based DOC can address control
constraints. Therefore, this Note uses the state-norm-based DOC to
optimize the propulsion systemof amulticopter, being the first trial in
the literature to the authors’ best knowledge and aiming to obtain an
optimal propulsion system that makes the considered multicopter
more controllable.
The main contributions of this Note are as follows. The theoretical

contributions are as follows:
1) The multicopter dynamics are presented, where the physical

parameters of motors/propellers are undetermined variables.
2) A DOC-based methodology for multicopter design is proposed

and verified, based on which one can design a multicopter with more
control capacity.
The practical contributions are as follows:
1) A step-by-step design process is presented for multicopter

design based on the DOC.
2) The optimal designs of a coaxial hexacopter with different

vehicle masses are given, based on the proposed design process.
In Sec. II, the abstract model of a multicopter is presented, and

some preliminaries on the state-norm-based DOC are provided.
Then, multicopter modeling with propulsor dynamics is derived, and
the computationmethod of theDOC for the consideredmulticopter is
provided in Sec. III. In Sec. IV, an optimized design process for
multicopter design based on theDOC is presented. Then, the step-by-
step process is used to design a coaxial hexacopter with different
desired vehicle masses to demonstrate its effectiveness. Finally,
conclusions are drawn in Sec. V.

II. Problem Formulation

According to Ref. [12], the DOC-based methodology requires an
appropriate criterion to represent the desirability of the propulsion
system, a simple method to evaluate this criterion, and an algorithm
to optimize the criterion over the space of possible propulsor
parameters. Based on these requirements, an abstract model of a
multicopter is first provided. Then, some preliminaries on the state-
norm-based DOC are provided. Finally, the objective of this Note is
defined to find the optimal propulsion system that maximizes the
DOC of the multicopter.

A. Abstract Modeling of a Multicopter

Amulticopter hovering in the air is described by a linear dynamical
model as follows:

_x�t� � Ax�t� � Bu�t� (1)

where x�t� ∈ Rn is the state vector, andu�t� ∈ Ω ⊂ Rnp is the control
vector. Here, Ω is the control constraint set. In practice, the state x
generally contains the information of the altitude and attitude, the lift
of each propulsor, etc. Then, the definitions of the recovery region
and the DOC are obtained according to the following [18–20]:
Definition 1: For system (1), the recovery regionR within time tr

is defined as

R�tr� � fx�0�j∃u�t� ∈ Ω; t ∈ �0; tr�; subject to x�tr� � 0g (2)

Definition 2:For system (1), theDOC ρdoc within time tr is defined
as

ρdoc � inf kx�0�k ∀ x�0� ∈= R�tr� (3)

where k ⋅ k represents the Euclidean norm.
FromDefinition 2, it is observed that theminimal distance from the

origin to the boundary of the recovery region is considered to be the
DOC of system (1). The value of ρdoc represents how controllable
the system is. A larger ρdoc indicates a more controllable system,

which naturally leads to the question of how a multicopter could be
designed to achieve a maximum ρdoc.

B. Objective

To design a multicopter, a designer may have to select the battery
packs, ESCs, motors, and propellers from a set of data sheets to
assemble themulticopter. The data sheets are generally a collection of
different propulsion systems, where each system is a group of battery
packs, ESCs, motors, and propellers. Let nγ denote the number of
propulsor physical parameters, which provide information about the
battery packs, ESCs, motors, and propellers; and let ηi ∈ Rnγ denote
the parameter vector of the ith propulsor. Denote

γ � � η1 η2 · · · ηnd �T ∈ Rnγ×nd (4)

In practice, nd is not required to be equal to np. For example, a
traditional quadcopter has four identical propulsors; and one has
nd � 1 and np � 4. Then, the state matrices A ∈ Rn×n and B ∈
Rn×np in Eq. (1) are functions of γ, namely, A � A�γ� andB � B�γ�.
The objectives of this Note are as follows:
Objective 1: Obtain the expressions ofA�γ� andB�γ�, based onwhich
the state-norm-based DOC of a multicopter is computed.
Objective 2: Provide a methodology to optimize the propulsion
system based on the state-norm-based DOC.

III. Solution to Objective 1

In this section, the dynamics of a complete multicopter system are
derived, where the propulsor dynamics is considered and the
relationships amongA,B, and γ are obtained. As shown in Fig. 1, the
complete multicopter system model contains the vehicle dynamics,
propulsor dynamics, propeller model, motor model, and control
effectiveness matrix.

A. Vehicle Dynamics

To obtain the linear model of a multicopter in the air, the following
assumption is made for simplicity:
Assumption 1: All multicopters discussed here initially hover in

the air, with no wind in the environment.
In practice, the aerodynamic damping and vehicle stiffness are

ignorable if a multicopter is hovering. Then, the linear dynamical
model of a multicopter around the hover condition (pz � pz0, and
vz � ϕ � θ � ψ � 0) is given as [1,21]

_ξ1 � ξ2 _ξ2 � J−1BfΔf (5)

where ξ1 � �Δpz ϕ θ ψ �T , ξ2 � � vz ωx ωy ωz �T ,
Δpz � pz − pz0, Δf � f − f ss, J � diag�−ma; Jxx; Jyy; Jzz� ∈
R4×4, g � � g 0 0 0 �T ∈ R4, and Bf is the control effec-
tiveness matrix. Here, f � �T1 · · · TnP �T ∈ RnP , f ss �
�Tss;1 · · · Tss;nP �T , and one has

Fig. 1 Multicopter modeling process.
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Bff ss � mag �
�Pi�nP

i�1 Tss;i 0 0 0

�
T

(6)

when the multicopter is hovering and _vz � _ωx � _ωy � _ωz � 0
in Ref. (5).

B. Propulsor Modeling

1. Propeller Modeling

Fixed-pitch propellers are often used for multicopters. When the

multicopter is hovering and there is no wind, the thrust Ti and

antitorqueMi of each propulsor i are given by

Ti � cT;iϖ
2
i ; Mi � cM;iϖ

2
i (7)

according to Ref. [5], where cT;i and cM;i ∈ R� are constant.

According to Ref. [5], the constants cT;i and cM;i of propeller i are
given by

cT;i �
1

16
πρBp;iλζ

2K0D
4
p;i

ε arctan�Hp;i∕πDp;i�
πA� K0

;

cM;i �
1

32A
ρζ2B2

p;iCdλD
5
p;i (8)

The drag coefficient Cd is given by

Cd � Cfd �
πAK2

0

e

�ε arctan�Hp;i∕πDp;i� − α0�2�
πA� K0

�
2

where Cfd is the zero-lift drag coefficient. In this Note, the standard

air density of ρ � 1.293 kg∕m3 is used; and the parameters A, ε, λ, ζ,
e, Cfd, α0, and K0 are taken as

A � 5; ε � 0.85; λ � 0.75; ζ � 0.5; e � 0.83;

Cfd � 0.015; α0 � 0; and K0 � 6.11

according to Ref. [5].

2. Motor Modeling

The ESC generates an equivalent average voltage Ue;i � σiUb

after receiving the throttle command σi and the battery output voltage
Ub. Then, the motor dynamics is given by

Um;i � Ue;i − Ke;iϖi im;i �
Um;i

Rm;i

Mm;i � Kt;iim;i

_ϖi �
1

Ji
�Mm;i −Mi� (9)

according to Ref. [6], where Ji can be computed usingmm;i and dm;i.
In practice, the parameters Ke;i, Kt;i are computed by

Ke;i �
Um0;i − Im0;iRm;i

KV0;iUm0;i

; Kt;i � 9.55Ke;i (10)

where Um0;i, Im0;i, and KV0;i are given by the motor providers; and

Um0;i � 10V is generally used in practice.

3. Propulsor Dynamics

According to Ref. [2] (p. 123), the model of propulsor i here is a
complete power mechanism that includes not only a brushless dc

motor but also an ESC and a propeller. Let us consider a hovering

multicopter. Given the throttle command σss;i, motor i will achieve a
steady-state speed ϖss;i. Then, the steady-state thrust Tss;i of

propulsor i is

Tss;i � cT;iϖ
2
ss;i (11)

Letϖi � ϖss;i � Δϖi and σi � σss;i � Δσi, where Δϖi and Δσi
are small perturbations. Denote

Δf � f − f ss � �ΔT1 · · · ΔTnP �T
Δσ � �Δσ1 · · · ΔσnP �T (12)

Then, the propulsor dynamics is given by the following
proposition:
Proposition 1: The propulsor dynamics of multicopters is

expressed by

Δ _f � AfΔf � BσΔσ (13)

where

Af �

2
666664

af;1 0 · · · 0

0 af;2
..
.

0

0 0 . .
.

0

0 0 · · · af;nP

3
777775
; Bσ �

2
6664

bσ;1
bσ;2

..

.

bσ;nP

3
7775 (14)

and

af;i � −
Kt;iKe;i

JiRm;i

−
2cM;i

Ji
ϖss;i; bσ;i � 2cT;iϖss;i

Kt;iUb

JiRm;i

(15)

Proof: The modeling processes are summarized in the
Appendix. □

According to the Appendix, givenϖss;i, the throttle command σss;i
is obtained by solving the following equation:

1

Ji

�
Kt;i

Rm;i

�σss;iUb − Ke;iϖss;i� − cM;iϖ
2
ss;i

�
� 0 (16)

C. Control Effectiveness Matrix

From Eq. (5), the control effectiveness matrix Bf needs to be
derived. According to Ref. [21], the control effectiveness matrix is
computed by

Bf �

2
6664

1 · · · 1

−r1 sin�φ1� · · · −rnP sin�φnP�
r1 cos�φ1� · · · rnP cos�φnP �
w1kμ;1 · · · wnPkμ;nP

3
7775 (17)

where ri, i � 1; : : : ; nP is the distance from the center of the ith
propulsor to the center of mass; wi, i � 1; : : : ; nP is defined by

wi �
�
1; if rotor i rotates anticlockwise
−1; if rotor i rotates clockwise

(18)

and φi, i � 1; : : : ; nP is shown in Fig. 2. Here, kμ;i, i � 1; : : : ; nP is
computed by

kμ;i �
Mi

Ti

� cM;i

cT;i
(19)

according to Eq. (7).

D. System Model

Using Eqs. (5), (6), and (13), the multicopter model can be
summarized as follows:

_x � Ax� Bu (20)
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where

x� �Δpz ϕ θ ψ vz ωx ωy ωz ΔT1 ΔT2 · · · ΔTnP �T
∈ R8�nP

u� �Δσ1 Δσ2 · · · ΔσnP �T ∈Ω

� fuj− σss;i ≤ Δσi ≤ 1− σss;ig (21)

and

A �
2
4 04×4 I4 04×nP

04×4 04×4 J−1Bf

0nP×4 0nP×4 Af

3
5; B �

2
4 04×4
04×4
Bσ

3
5 (22)

FromEqs. (14), (15), (17), and (22),matricesA andB are functions

of the battery parameter Ub, motor parameters (KV0;i, Im0;i, Rm;i,

mm;i, and dm;i), and propeller parameters (Bp;i,Dp;i, andHp;i). In the

following, all these parameters are summarized by the vector

ηi ∈ R9, where

ηi � �KV0;i Ub mm;i dm;i Im0;i Rm;i Bp;i Dp;i Hp;i �T;
i � 1; 2; : : : ; nd (23)

Then, nγ � 9, γ � � η1 η2 · · · ηnd �T ∈ R9×nd in Eq. (4), and

A�γ� and B�γ� are given by Eq. (22). Moreover, the DOC of system

(20) is a function of γ and is denoted by ρdoc � ρdoc�γ�.

E. Computation of Degree of Controllability

From the preceding, themulticoptermodel is given byEq. (20) and

the control constraint is given by Eq. (21). In Refs. [18,19], a DOC

calculation method via system discretization is proposed to compute

the DOC of system (20). According to Ref. [18], if the total recovery

time tr is divided into N equal intervals ΔT and if the control is

restricted to be constant over each interval, then the state at the

(k� 1)th step, in terms of the state at the kth step, is given by

xk�1 � Gxk �Huk (24)

where k � 0; 1; : : : ; N − 1,

G � eAΔT; and H �
Z

ΔT

0

e−AλB dλ

By substituting Eq. (24) into itself, one can obtain an expression

for the final state of the system in terms of the initial state x0 and the
discrete control sequence:

xN � GNx�0� �
XN−1

i�0

GN−1−iHui (25)

Restricting xN � 0 in Eq. (25), one can obtain an expression for
the set of all initial statesx�0�, which can be returned to the origin inN
discrete steps:

x�0� � Mσ (26)

where

M � −G−N �GN−1H GN−2H · · · H �
σ � � u0 u1 · · · uN−1 � ui ∈ Ω

Then, the recovery region R defined in Definition 1 can be
obtained from Eq. (26) by varying ui inΩ. To obtain the DOC ρdoc in
Eq. (3), a toolbox was provided in Ref. [22].
Remark 1: According to Ref. [23], the maneuverability is roughly

related to the feasible control input of an aircraft. The greater the
maneuverability, the greater the margin that the feasible control can
offer, roughly implying a larger DOC. Compared with the
maneuverability, the DOC used in this Note is more exact because it
has taken both the control input and the system dynamics into
consideration. Then, the multicopter design method proposed in this
Note can guarantee the maneuvering flight performances.

IV. Solution to Objective 2

In Sec. II, some preliminaries on the state-norm-based DOC are
given. Then, the dynamics of a complete multicopter system are
derived, wherein the propulsor dynamics is considered and the
relationships amongA,B, and γ are obtained in Sec. III. In practice, a
set of data sheets is available to the designer for the various
components, such as the battery packs, ESCs,motors, and propellers.
Given the mission requirements (such as the endurance time and
payload capacity), there may be many possible designs in the data
sheets that can make the multicopter achieve the mission
requirements. However, one may ask the following: “Which is the

Fig. 2 Geometry of the multicopters [21].

Fig. 3 Optimization process.
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optimal design among the various designs?” In this section, the DOC

of the multicopter is used to obtain the optimal design among the

various designs that satisfies the mission requirements.
When designing a multicopter, the data sheets will provide a set of

γ, where γ ∈ Γ ⊂ R9×nd . Given γ, one can obtain A and B based on

Eq. (22). Then, the DOC of system (20) is computed, and the design
corresponding to the maximum DOC is considered as the optimal
design. Therefore, the optimal multicopter design is obtained by
solving the following optimization problem:

max
γ∈Γ

ρdoc�γ� (27)

subject to Eq. (20). Here, γ is the parameter vector that needs to be
designed. The solution of optimization problem (27) is denoted as
γmax (indicating a group of battery packs, ESCs, motors, and
propellers) corresponding to the maximum DOC (denoted as ρmax

doc ).
The overall optimization process is depicted in Fig. 3. Then, a step-

by-step process (called the optimized design process here) for the
design of amulticopter based onDOC is summarized inAlgorithm 1.
If there is no database, the optimal design can be obtained by

solving the optimization problem expressed by Eq. (27). Then, shelf
products or customized products are investigated, based on the
optimal solutions. Existing methods can optimize the weight, flight
time, efficiency, or payload capacity of a multicopter, whereas the
method proposed in this Note can only optimize the DOC of a
multicopter. In practice, one can use the existing methods to obtain a
list of candidate designs of a multicopter, and then choose the design
with themaximumDOC, based on themethod proposed in this Note.

Algorithm 1 Optimized design process

Step 1: Obtain the parameter set Γ from the data sheets for the various components, such as the battery packs, ESCs, motors, and propellers. Denote the element
number of Γ as ns and Γ � fγ1; γ2; γ3; · · · ; γns g.

Step 2: Let i � 1.
Step 3: Obtain the ith parameter vector γi.
Step 4: Compute cT;i and cM;i according to Eq. (8), and kμ;i is obtained by Eq. (19). Compute Ke;i and Kt;i according to Eq. (10).
Step 5: Obtain themassma of themulticopter based on γi. Then, the throttle commandσss;i when themulticopter is hovering is obtainedby solvingEqs. (11), (6),

and (16).
Step 6: Compute theDOC (which is denoted as ρidoc) of the system in Eq. (20) based on the parameters γi, cT;i, cM;i, kμ;i,Ke;i,Kt;i,ma, and σss;i using the toolbox

provided by Ref. [22].
Step 7: Let i � i� 1. If i > ns, go to step 8. If i ≤ ns, go to step 3.
Step 8: Obtain the maximum DOC ρmax

doc among ρidoc, i � 1; 2; · · · ; ns; and the corresponding γ is denoted as γmax. Then, γmax are the desired multicopter
parameters.

Fig. 4 Coaxial hexacopter.

Table 1 Data sheets of motor and propeller parameters

Motor parameters Propeller parameters

IDsa KV0;i, rpm∕V Ub, V dm;i, mm mm;i, g Im0;i, A Rm;i, m Ω Dp, in. Hp, in. Bp, g

1 2400 7.4 23 16 0.7 230 5 3 2
2 2400 7.4 23 16 0.7 230 6 2 2
..
. ..

. ..
. ..

. ..
. ..

. ..
. ..

. ..
. ..

.

312 100 44.4 86.8 400 1.4 95 29 9.5 2

aDenotes identity document number for a group of battery packs, electronic speed controls, motors, and propellers.

Table 2 Optimal design results for a coaxial hexacopter

Surrounding propulsor Middle propulsor DOC

tr, s mvehicle, kg ID KV , rpm=V Ub, V Dp, in. Hp, in. ID KV , rpm=V Ub, V Dp, in. Hp, in.

0.05 10 118 465 22.2 14 4.8 244 400 22.2 17 5.8 0.058
12 118 465 22.2 14 4.8 300 170 44.4 22 6 0.058
15 299 170 44.4 20 6 120 465 22.2 16 5.4 0.046
17 300 170 44.4 22 6 279 420 22.2 16 5.4 0.039
20 312 100 44.4 29 9.5 278 420 22.2 15 5 0.0309

0.1 10 118 465 22.2 14 4.8 244 400 22.2 17 5.8 0.299
12 118 465 22.2 14 4.8 300 170 44.4 22 6 0.295
15 299 170 44.4 20 6 120 465 22.2 16 5.4 0.204
17 300 170 44.4 22 6 279 420 22.2 16 5.4 0.167
20 312 100 44.4 29 9.5 278 420 22.2 15 5 0.131

0.5 10 118 465 22.2 14 4.8 244 400 22.2 17 5.8 128
12 118 465 22.2 14 4.8 300 170 44.4 22 6 126
15 299 170 44.4 20 6 120 465 22.2 16 5.4 13.1
17 300 170 44.4 22 6 279 420 22.2 16 5.4 7.61
20 312 100 44.4 29 9.5 278 420 22.2 15 5 5.41
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V. An Example: Design of a Coaxial Hexacopter

In Sec. IV, an optimized design process for multicopter design

based onDOCwas provided.Here, the step-by-step process is used to

design a coaxial hexacopter, as shown in Fig. 4. In practice, one can

use middle coaxial propellers to provide constant thrust, whereas a

quadcopter surrounding the middle propellers is used to control the

altitude and attitude of the vehicle. However, one question arises:

“Given the desired weight and size of the vehicle, how does one

optimize the middle coaxial propellers and the surrounding

quadcopter?”

A. Design Process and Results

A set of data sheets is provided by the suppliers, and there is a total

of 312 pairs of motor–propeller groups in these data sheets (see

Ref. [24] for the data sheets): namely, ns � 312 in Algorithm 1. The

key parameters of each motor–propeller group are shown in Table 1,

where a part of the data sheets is listed. According to Assumption 1,

the coaxial hexacopter is assumed to be hovering in the air without

wind. The vehicle is viewed as a disk, and the diameter (denoted as

dvehicle) of this disk is constrained by dvehicle ≤ 1.5m. In this section,

five design targets are considered, where the desired masses

(denoted as mvehicle) of the vehicle are 10, 12, 15, 17, and 20 kg.

According toDefinition 1 andDefinition 2, the recovery time tr needs
to be specified. In this Note, three cases of recovery times are

considered, i.e., tr ∈ f0.05 s; 0.1 s; 0.5 sg. Given mvehicle and tr, the
optimal motor–propeller group can be obtained according to

Algorithm 1 in Sec. IV. Here, it is assumed that all the propulsors of

the surrounding quadcopter are the same and that the two middle

propulsors are the same. Then, the number of propulsors to be

designed is two, namely, nd � 2. The design results are shown in

Table 2.

From Table 2, the following observations are obtained:

1) For a fixed mvehicle, the recovery time tr does not affect the
optimal design results.
2) The DOC of the multicopter decreases as mvehicle increases.

B. Discussions

Discussions of the results based on the example in Sec. V are

presented in the following to demonstrate the effectiveness of the

proposed design methodology.
1) For a fixed mvehicle, the recovery time tr does not affect the

optimal design results; namely, we will obtain the same optimal
design regardless of the value of tr. Given tr � t�r , if the DOC of
design a is larger than that of design b, then the DOC of design a is
always larger than that of design b, regardless of the value of tr. This
fact is further shown in Fig. 5, where the DOCs of different design
results (see Table 3) formvehicle � 10 kg are computed, andwhere the
recovery time tr varies from 0.001 to 0.05 s. It is shown that the DOC
of design 1 (listed in Table 3) is always larger than the DOC of design
2 and design 3. Then, there is no need to set a large tr in practice,
because this will require excessive computing resources and not
provide a benefit.
2) The DOC of the multicopter decreases as mvehicle increases;

namely, it is more difficult to control a heavier multicopter than a
lighter one. For a fixedmvehicle, as shown in Table 3 and Fig. 5, design
1 has the largest DOCwhere the surrounding quadcopter has smaller
propellers than themiddle propulsors. These facts are consistent with
the results in Ref. [2] (p. 13): a multicopter with a larger mass has a
larger moment of inertia and requires larger propulsors, which have
slower dynamics. Thus, it is more difficult to change its state (such as
position and attitude) than for a smaller multicopter.

VI. Further Discussions

In practice, the method proposed in this Note is usually integrated

with the traditional multicopter design process to reduce the

iterations. To provide additional results, we use a multicopter design

tool‡ to design a quadcopter (with a total weight of 10 kg and a

hovering time of 20 min). Five recommended configurations are

provided, and the results are shown in Table 4. However,

configuration 1 has the longest hovering time but the smallest DOC;

namely, it is difficult to change the state of the quadcopter under

configuration 1. Based on the idea of this Note, it is better to choose

configuration 5 to obtain more control capacity, and the design

requirements (a total weight of 10 kg and a hovering time of 20 min)

are satisfied.

Fig. 5 DOCs of different design results formvehicle � 10 kg.

Table 3 Different design results for a fixed vehicle mass

Surrounding propulsor Middle propulsor

No. mvehicle, kg ID KV , rpm=V Ub, V Dp, in. Hp, in. ID KV , rpm=V Ub, V Dp, in. Hp, in.

1 10 118 465 22.2 14 4.8 244 400 22.2 17 5.8
2 10 126 400 22.2 17 5.8 206 830 14.8 12 4
3 10 307 100 29.6 28 9.2 223 760 14.8 14 4.8

Table 4 Optimal design results for a quadcopter

No. tr, s mvehicle, kg ID KV , rpm=V Ub, V Dp, in. Hp, in. Hovering time, min DOC

1 0.05 10 296 170 22.2 28 9.2 32.1 0.0072
2 0.05 10 293 135 44.4 22 6 27.5 0.0201
3 0.05 10 279 420 22.2 17 5.8 26 0.0263
4 0.05 10 274 280 22.2 22 6.6 28.2 0.0081
5 0.05 10 298 170 44.4 18 6 26.4 0.0451

‡Data available online at http://www.flyeval.com/recalc.html [retrieved 02
May 2019].
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VII. Conclusions

The optimal design problem of a multicopter is considered in this

Note. First, a complete multicopter systemmodel is derived, wherein

the propulsor dynamics is considered. Then, based on the complete

multicopter model, an optimized design methodology for

multicopters based on the degree of controllability is proposed. In

addition, a step-by-step process is derived from the methodology,

which is used to design a coaxial hexacopter with different desired

vehicle masses to demonstrate its effectiveness. Further discussions

about the design results of the coaxial hexacopter are presented to

demonstrate that the design methodology is effective.

Appendix: Proof of Proposition 1

From Eqs. (7) and (9), the propulsor dynamic model is equivalent

to the motor–propeller dynamic model, which is given as

_ϖi � fϖ�ϖi; σi� �
1

Ji

�
Kt;i

Rm;i

�σiUb − Ke;iϖi� − cM;iϖ
2
i

�
(A1)

Let us consider a hovering multicopter. Given the throttle

command σss;i, the motor can achieve a steady-state speed ϖss;i,

which can be obtained by solving the following equation:

1

Ji

�
Kt;i

Rm;i

�σss;iUb − Ke;iϖss;i� − cM;iϖ
2
ss;i

�
� 0 (A2)

Then, one has

fϖ�ϖss;i; σss;i� ≡ 0 (A3)

Letϖi � ϖss;i � Δϖi and σi � σss;i � Δσi, where Δϖi and Δσi
are small perturbations; then,

Δ _ϖi � fΔϖ�Δϖi;Δσi�

� 1

Ji

�
Kt;i

Rm;i

��σss;i � Δσi�Ub − Ke;i�ϖss;i � Δϖi��

− cM;i�ϖss;i � Δϖi�2
�

(A4)

according to Eq. (A1). From Eqs. (A1), (A3), and (A4), an

equilibrium state Δϖi � 0, Δσi � 0 is obtained for system (A4).

Then, one has fΔϖ�0; 0� � 0.
To design the multicopter based on the DOC, the linear propulsor

dynamic model is required. According to Ref. [25] (p. 53), a

nonlinear system should behave similarly to its linearized

approximation for small range motions; then, the linear

approximation of system (A4) at (Δϖi � 0, Δσi � 0) is given by

Δ _ϖi � aω;iΔϖi � bω;iΔσi

where

aω;i �
∂fΔϖ�Δϖi;Δσi�

∂Δϖi

				
Δϖi�0;Δσi�0

� −
Kt;iKe;i

JiRm;i

−
2cM;i

Ji
ϖss;i

bω;i �
∂fΔϖ�Δϖi;Δσi�

∂Δσi

				
Δϖi�0;Δσi�0

� Kt;iUb

JiRm;i

From Eq. (7), one has

Ti � cT;i�ϖss;i � Δϖi�2 ≈ Tss;i � 2cT;iϖss;iΔϖi

as Δϖi → 0. Let

ΔTi � Ti − Tss;i ≜ 2cT;iϖss;iΔϖi

Then,

Δ _Ti � 2cT;iϖss;iΔ _ϖi

� 2cT;iϖss;iaω;iΔϖi � 2cT;iϖss;ibω;iΔσi
� af;iΔTi � bσ;iΔσi (A5)

where

af;i � aω;i; bσ;i � 2cTi
ϖss;ibω;i (A6)

From Eqs. (12) and (A5), one has the propulsor dynamics shown
in Eq. (13).

Acknowledgments

This work is supported by the National Natural Science
Foundation of China (grant no. 61603014), Beijing Municipal
Natural Science Foundation (grant no. L182037) and the China
Postdoctoral Science Foundation (grant no. 2016M600895).

References

[1] Mahony, R., Kumar, V., and Corke, P., “Multirotor Aerial Vehicles:
Modeling, Estimation, and Control of Quadrotor,” IEEE Robotics and

Automation Magazine, Vol. 19, No. 3, 2012, pp. 20–32.
doi:10.1109/MRA.2012.2206474

[2] Quan, Q., Introduction to Multicopter Design and Control, Springer,
Singapore, 2017.
doi:10.1007/978-981-10-3382-7

[3] Satici, A. C., Poonawala, H., and Spong, M. W., “Robust Optimal
Control of Quadrotor UAVs,” IEEE Access, Vol. 1, May 2013, pp. 79–
93.
doi:10.1109/ACCESS.2013.2260794

[4] Bershadsky, D., Haviland, S., and Johnson, E. N., “Electric Multirotor
Propulsion System Sizing for Performance Prediction and Design
Optimization,” 57th AIAA/ASCE/AHS/ASC Structures, Structural

Dynamics, and Materials Conference, AIAA Paper 2016-0581, 2016.
doi:10.2514/6.2016-0581

[5] Shi, D., Dai, X., Zhang, X., and Quan, Q., “A Practical Performance
Evaluation Method for Electric Multicopters,” IEEE/ASME Trans-

actions on Mechatronics, Vol. 22, No. 3, 2017, pp. 1337–1348.
doi:10.1109/TMECH.2017.2675913

[6] Magnussen, O., Ottestad, M., and Hovland, G., “Multicopter Design
Optimization and Validation,” Modeling, Identification and Control,
Vol. 36, No. 2, 2015, pp. 67–79.
doi:10.4173/mic.2015.2.1

[7] Stepaniak, M. J., Graas, F. V., and De Haag, M. U., “Design of an
Electric Propulsion System for a Quadrotor Unmanned Aerial Vehicle,”
Journal of Aircraft, Vol. 46, No. 3, 2009, pp. 1050–1058.
doi:10.2514/1.38409

[8] Lawrence, D. A., and Mohseni, K., “Efficiency Analysis for Long-
Duration Electric MAVs,” Infotech@Aerospace, AIAA Paper 2005-
7090, 2005.
doi:10.2514/6.2005-7090

[9] Kaya, D., Kutay, A. T., Kurtulus, D. F., Tekinalp, O., Simsek, I., Soysal,
S., and Hosgit, G., “Propulsion System Selection and Modeling for a
Quadrotor with Search and Rescue Mission,” 54th AIAA Aerospace

Sciences Meting, AIAA Paper 2016-1528, 2016.
doi:10.2514/6.2016-1528

[10] Magnussen, O., Hovland, G., and Ottestad, M., “Multicopter UAV
Design Optimization,” IEEE/ASME 10th International Conference on

Mechatronic and Embedded Systems and Applications (MESA), IEEE
Publ., Piscataway, NJ, 2014, pp. 1–6.
doi:10.1109/mesa.2014.6935598

[11] Szafranski, G., Czyba, R., and Blachuta, M., “Modeling and
Identification of Electric Propulsion System for Multirotor Unmanned
Aerial Vehicle Design,” International Conference on Unmanned

Aircraft Systems (ICUAS), IEEE Publ., Piscataway, NJ, 2014, pp. 470–
476.
doi:10.1109/icuas.2014.6842287

[12] Lindberg, R., and Longman, R., “Optimization of Actuator Placement
Via Degree of Controllability Criteria Including Spillover Consid-

2068 J. AIRCRAFT, VOL. 56, NO. 5: ENGINEERING NOTES

D
ow

nl
oa

de
d 

by
 B

E
IH

A
N

G
 U

N
IV

E
R

SI
T

Y
 o

n 
Se

pt
em

be
r 

24
, 2

02
0 

| h
ttp

://
ar

c.
ai

aa
.o

rg
 | 

D
O

I:
 1

0.
25

14
/1

.C
03

51
50

 

http://dx.doi.org/10.1109/MRA.2012.2206474
http://dx.doi.org/10.1109/MRA.2012.2206474
http://dx.doi.org/10.1109/MRA.2012.2206474
http://dx.doi.org/10.1109/MRA.2012.2206474
http://dx.doi.org/10.1007/978-981-10-3382-7
http://dx.doi.org/10.1007/978-981-10-3382-7
http://dx.doi.org/10.1109/ACCESS.2013.2260794
http://dx.doi.org/10.1109/ACCESS.2013.2260794
http://dx.doi.org/10.1109/ACCESS.2013.2260794
http://dx.doi.org/10.1109/ACCESS.2013.2260794
http://dx.doi.org/10.2514/6.2016-0581
http://dx.doi.org/10.2514/6.2016-0581
http://dx.doi.org/10.2514/6.2016-0581
http://dx.doi.org/10.1109/TMECH.2017.2675913
http://dx.doi.org/10.1109/TMECH.2017.2675913
http://dx.doi.org/10.1109/TMECH.2017.2675913
http://dx.doi.org/10.1109/TMECH.2017.2675913
http://dx.doi.org/10.4173/mic.2015.2.1
http://dx.doi.org/10.4173/mic.2015.2.1
http://dx.doi.org/10.4173/mic.2015.2.1
http://dx.doi.org/10.4173/mic.2015.2.1
http://dx.doi.org/10.4173/mic.2015.2.1
http://dx.doi.org/10.2514/1.38409
http://dx.doi.org/10.2514/1.38409
http://dx.doi.org/10.2514/1.38409
http://dx.doi.org/10.2514/6.2005-7090
http://dx.doi.org/10.2514/6.2005-7090
http://dx.doi.org/10.2514/6.2005-7090
http://dx.doi.org/10.2514/6.2016-1528
http://dx.doi.org/10.2514/6.2016-1528
http://dx.doi.org/10.2514/6.2016-1528
http://dx.doi.org/10.1109/mesa.2014.6935598
http://dx.doi.org/10.1109/mesa.2014.6935598
http://dx.doi.org/10.1109/mesa.2014.6935598
http://dx.doi.org/10.1109/mesa.2014.6935598
http://dx.doi.org/10.1109/icuas.2014.6842287
http://dx.doi.org/10.1109/icuas.2014.6842287
http://dx.doi.org/10.1109/icuas.2014.6842287
http://dx.doi.org/10.1109/icuas.2014.6842287


erations,” AIAA/AAS Astrodynamics Conference, AIAA Paper 1982-
1435, 1982.
doi:10.2514/6.1982-1435

[13] Junkins, J. L., and Kim, Y., “Measure of Controllability for Actuator
Placement,” Journal of Guidance, Control, and Dynamics, Vol. 14,
No. 5, 1991, pp. 895–902.
doi:10.2514/3.20729

[14] Roh, H.-S., and Park, Y., “Actuator and Exciter Placement for Flexible
Structures,” Journal of Guidance, Control, and Dynamics, Vol. 20,
No. 5, 1997, pp. 850–856.
doi:10.2514/2.4144

[15] Müller, P., and Weber, H., “Analysis and Optimization of Certain
Qualities of Controllability and Observability for Linear Dynamical
Systems,” Automatica, Vol. 8, No. 3, 1972, pp. 237–246.
doi:10.1016/0005-1098(72)90044-1

[16] Viswanathan, C., Longman, R., and Likins, P., “A Degree of
Controllability Definition-Fundamental Concepts and Application to
Modal Systems,” Journal of Guidance, Control, and Dynamics, Vol. 7,
No. 2, 1984, pp. 222–230.
doi:10.2514/3.8570

[17] Kang, O., Park, Y., Park, Y., and Suh, M., “New Measure Representing
Degree of Controllability for Disturbance Rejection,” Journal of

Guidance, Control, and Dynamics, Vol. 32, No. 5, 2009, pp. 1658–1661.
doi:10.2514/1.43864

[18] Klein, G., Ongman, R., and Indberg, R., “Computation of a Degree of
Controllability via System Discretization,” Journal of Guidance,

Control, and Dynamics, Vol. 5, No. 6, 1982, pp. 583–588.
doi:10.2514/3.19793

[19] Yang, B., Du, G., Quan, Q., and Cai, K.-Y., “The Degree of
Controllability with Limited Input and an Application for Hexacopter
Design,” Proceedings of the 32nd Chinese Control Conference (CCC),
IEEE Publ., Piscataway, NJ, 2013, pp. 113–118.

[20] Shi, D., Yang, B., and Quan, Q., “Reliability Analysis of Multicopter
Configurations Based on Controllability Theory,” Proceedings of the

35th Chinese Control Conference (CCC), IEEE, New York, 2016,
pp. 6740–6745.
doi:10.1109/chicc.2016.7554418

[21] Du,G.-X., Quan,Q., Yang, B., andCai, K.-Y., “Controllability Analysis
for Multirotor Helicopter Rotor Degradation and Failure,” Journal of

Guidance, Control, and Dynamics, Vol. 38, No. 5, 2015, pp. 978–985.
doi:10.2514/1.G000731

[22] Shi, D., Yang, B., and Quan, Q., “The Matlab Toolbox for Calculating
the Degree of Controllability of Multicopters,” http://rfly.buaa.edu.cn/
res16/201602SHIReliabilityAnalysis.pdf [retrieved 02 May 2019].

[23] Goman, M. G., Khramtsovsky, A. V., and Kolesnikov, E. N.,
“Evaluation of Aircraft Performance and Maneuverability by
Computation of Attainable Equilibrium Sets,” Journal of Guidance,

Control, and Dynamics, Vol. 31, No. 2, 2008, pp. 329–339.
doi:10.2514/1.29336

[24] Du, G.-X., Quan, Q., and Shi, D., “The Matlab Source Code for
Optimization of Multicopter Propulsion System Based on Degree of
Controllability,” http://rfly.buaa.edu.cn/res/du2018optmaldesign.pdf
[retrieved 02 May 2019].

[25] Slotine, J.-J. E., and Li, W., et al., Applied Nonlinear Control, Prentice–
Hall, Upper Saddle River, NJ, 1991.

J. AIRCRAFT, VOL. 56, NO. 5: ENGINEERING NOTES 2069

D
ow

nl
oa

de
d 

by
 B

E
IH

A
N

G
 U

N
IV

E
R

SI
T

Y
 o

n 
Se

pt
em

be
r 

24
, 2

02
0 

| h
ttp

://
ar

c.
ai

aa
.o

rg
 | 

D
O

I:
 1

0.
25

14
/1

.C
03

51
50

 

http://dx.doi.org/10.2514/6.1982-1435
http://dx.doi.org/10.2514/6.1982-1435
http://dx.doi.org/10.2514/6.1982-1435
http://dx.doi.org/10.2514/3.20729
http://dx.doi.org/10.2514/3.20729
http://dx.doi.org/10.2514/3.20729
http://dx.doi.org/10.2514/2.4144
http://dx.doi.org/10.2514/2.4144
http://dx.doi.org/10.2514/2.4144
http://dx.doi.org/10.1016/0005-1098(72)90044-1
http://dx.doi.org/10.1016/0005-1098(72)90044-1
http://dx.doi.org/10.2514/3.8570
http://dx.doi.org/10.2514/3.8570
http://dx.doi.org/10.2514/3.8570
http://dx.doi.org/10.2514/1.43864
http://dx.doi.org/10.2514/1.43864
http://dx.doi.org/10.2514/1.43864
http://dx.doi.org/10.2514/3.19793
http://dx.doi.org/10.2514/3.19793
http://dx.doi.org/10.2514/3.19793
http://dx.doi.org/10.1109/chicc.2016.7554418
http://dx.doi.org/10.1109/chicc.2016.7554418
http://dx.doi.org/10.1109/chicc.2016.7554418
http://dx.doi.org/10.1109/chicc.2016.7554418
http://dx.doi.org/10.2514/1.G000731
http://dx.doi.org/10.2514/1.G000731
http://dx.doi.org/10.2514/1.G000731
http://rfly.buaa.edu.cn/res16/201602SHIReliabilityAnalysis.pdf
http://rfly.buaa.edu.cn/res16/201602SHIReliabilityAnalysis.pdf
http://rfly.buaa.edu.cn/res16/201602SHIReliabilityAnalysis.pdf
http://rfly.buaa.edu.cn/res16/201602SHIReliabilityAnalysis.pdf
http://rfly.buaa.edu.cn/res16/201602SHIReliabilityAnalysis.pdf
http://rfly.buaa.edu.cn/res16/201602SHIReliabilityAnalysis.pdf
http://dx.doi.org/10.2514/1.29336
http://dx.doi.org/10.2514/1.29336
http://dx.doi.org/10.2514/1.29336
http://rfly.buaa.edu.cn/res/du2018optmaldesign.pdf
http://rfly.buaa.edu.cn/res/du2018optmaldesign.pdf
http://rfly.buaa.edu.cn/res/du2018optmaldesign.pdf
http://rfly.buaa.edu.cn/res/du2018optmaldesign.pdf
http://rfly.buaa.edu.cn/res/du2018optmaldesign.pdf

