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Aerial refueling is an important capability to increase the endurance and flight range of aircraft, but
it often suffers from a low success rate. The altitude and speed of the tanker aircraft in the docking
phase play a great role in the docking success rate. According to this, the optimal trim state, namely
the optimal speed and altitude of the tanker aircraft, is investigated through the reachability analysis
method in this paper. The optimal problem is transformed to find the trim state corresponding to the
maximum volume of the reachable set. First, a relative motion model of the receiver aircraft with respect

Keywords: to the drogue is proposed. Then, based on reachability analysis, an optimization problem is formulated

Aerial refueling and a solution procedure is given in detail. In the simulation, the volumes of reachable sets are plotted

Docking with respect to the given discrete speeds and altitudes, based on which the optimal trim state of the
Reachability docking phase is determined. Finally, the determined optimal trim state is verified by using numerous

Zri”: lability docking control simulations and the degree of controllability from another aspect. The effectiveness of
ontroliabilr

the proposed method is demonstrated.
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1. Introduction

Aerial Refueling (AR) is very important to military missions as
it can extend the endurance and flight range of aircraft [1]. Dur-
ing an AR process, the receiver aircraft first breaks away from its
formation, then approaches the rear of the tanker aircraft for dock-
ing. Once the receiver aircraft completes refueling, the receiver
aircraft disconnects with the tanker aircraft and rejoins the forma-
tion again. Therefore, the entire process can be decomposed into
three phases: the approaching tanker phase, the docking phase,
and the rejoin formation phase [2]. This paper will focus on the
docking phase which is the key step of an AR process. Currently,
AR processes are realized by experienced pilots of manned aircraft
or autopilots of Unmanned Aerial Vehicles (UAVs) which often suf-
fer from low success rates.

In fact, inappropriate docking speeds and docking altitudes will
affect the docking success rate, but little attention has been paid.
The related references about existing chosen docking speeds and
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docking altitudes are summarized in Table 1. In [3], a deep learning
based trajectory optimization method was provided to decrease the
bow wave effect on the drogue, where the refueling altitude was
set to be 7010 m and the speed of tanker aircraft was 200 m/s.
In [4], a novel docking controller with probe direct control and
learning-based preview method was proposed, where the tanker
aircraft flied at a velocity of 200 m/s and an altitude of 7010 m.
In [5], an adaptive control method was used to reject the trailing
vortex, where the altitude was 1524 m and the docking speed was
152 m/s. A mission-oriented flying qualities evaluation approach
was proposed to evaluate the closed-loop motion characteristic pa-
rameters of the receiver aircraft in [6], where the refueling altitude
and the speed of the tanker aircraft were set to be 7600 m and 195
m/s respectively. The receiver forebody aerodynamic effect on the
drogue transient motion was considered in [7], where the speed of
tanker aircraft was 118 m/s and the docking altitude was 2286 m.
Furthermore, a docking control method based on iterative learn-
ing control was proposed to compensate the docking errors caused
by aerodynamic disturbances in [8], where the docking altitude in
this paper was set to be 3000 m and the docking speed was 120
m/s. In [9], a simple method was used to model the receiver fore-
body aerodynamic effect, where the altitude of the tanker aircraft
was 3000 m and the docking speed was 120 m/s. The type of the
tanker aircraft is Boeing 707 and the receiver aircraft is F/A-18B.
In [10], the dynamic modeling and simulation application of the
receiver aircraft are studied, where the altitude of the tanker air-
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Nomenclature
Xr state vector of the receiver aircraft L lift of the receiver aircraft
Xt state vector of the tanker aircraft D drag of the receiver aircraft
AX relative state vector between the tip of the probe and P air density
the center of the drogue m mass of the receiver aircraft
AXy relative state vector between the mass center of the D target set
receiver aircraft and the center of the drogue prez (D) reachable set
T the force of thrust @(ho, Vo) volume of the reachable set at the trim state (ho, Vo)
Table 1 safety verification of autoland maneuvers [17] and a ground mov-

Summary of the Simulation Experiments and the Actual Flight Test Experiments.

Ref. The Tanker The Receiver  Altitude Docking Speed
[3] NA NA 7010 m 200 m/s
[4] NA NA 7010 m 200 m/s
[5] NA NA 1524 152 m/s
[6] NA NA 7600 195 m/s
[7] NA NA 2286 118 m/s
[8] NA NA 3000 m 120 m/s
[9] Boeing 707 F/A-18B 3000 m 120 m/s
[10] NA NA 7010 m 200 m/s
2286, 3200,
[11] F/A-18 F/A-18 76209144 m 90~ 152 m/s
[12] Boeing 707-300  F/A-18 NA NA
[13]  VC-10, KC-10 F-16A 1524 ~ 6096 m 118 ~ 165 m/s

craft was 7010 m and the docking speed was 200 m/s. In [11], the
actual flight test experiment was performed by NASA. The type of
the tanker aircraft and the receiver aircraft is F/A-18. The docking
altitudes were 2286 m, 3200 m, 7620 m, 9144 m and the range of
the docking speed was from 90 m/s to 152 m/s. In [12], another
NASA flight test experiment was made to reveal the forebody flow
field of the receiver aircraft and two out of six capture attempts
were successful. The capture criteria and miss criteria at the dock-
ing phase were also provided. The type of the tanker aircraft is
Boeing 707-300 and the type of the receiver aircraft is F/A-18. The
docking altitude and speed were both set to be constant. The ac-
tual flight test experiments were also conducted by North Atlantic
Treaty Organization (NATO). In the ATP-56(B) issued by NATO [13],
the tanker aircrafts are VC-10 and KC-10, and receiver aircraft is
F-16A. The altitude range for refueling was from 1524 m to 6096
m and the speed range was from 118 m/s to 165 my/s. By facing
different docking speeds and altitudes, a problem arises that what
docking speed and altitude can make docking most easily. Moti-
vated by this, this paper aims at studying the optimal speed and
altitude based on the reachability analysis method. Concretely, dif-
ferent docking speeds and altitudes will correspond to different
volumes of the reachable set at the docking phase, because they
will change the relative motion model of the receiver aircraft with
respect to the center of the drogue. Therefore, the speed and alti-
tude corresponding to the maximum volume of reachable set are
regarded as the optimal trim state.

It is reasonable to use the volume of the reachable set to mea-
sure how easy the docking is. The subset of the state space that
can reach the target set while remaining in the acceptable range
is called the reachable set [14]. With respect to the docking phase,
the target set represents the set of successful docking states, and
the reachable set is a set of the receiver aircraft states from which
the docking maneuver can be accomplished within a finite time
horizon. Thus, the larger the volume of the reachable set is, the
higher probability the pilot or the UAV autopilot can drive the re-
ceiver aircraft to dock successfully. This further implies that it is
more easily to dock. So far, the reachability analysis method has
been applied to solve many problems, such as collision avoidance
[14], control law design for safe aerobatic maneuvers [15], [16],

ing target tracking [18]. In [19], the reachability analysis method
was first applied to an AR process. The AR process has been di-
vided into several maneuver sequences and the reachability analy-
sis method was used to design a maneuver decision to ensure safe
operation of a sequential mode transition. Unlike [19], the aim of
this paper is to determine the optimal trim state of the docking
phase in terms of reachability.

The reachable set can be calculated by the Level Set Toolbox
[20] based on the level set method [21]. Concretely, the computa-
tion of the optimal trim state for the considered docking phase of
an AR process is divided into four phases. First, the trim state of
the tanker aircraft is specified which is used in the relative motion
model of the receiver aircraft with respect to the center of the
drogue. Secondly, the state space is divided into grid points and
the reachable set of the receiver aircraft is computed at each trim
state. Thirdly, by comparing the volume of the reachable set at dif-
ferent trim states, the trim state of the tanker aircraft with the
largest reachable set volume is regarded as the optimal trim state.
Finally, the optimal trim state is verified by the docking control
simulations and the degree of controllability from another aspect,
showing that the docking success rate is the highest at the optimal
altitude and speed. Therefore, the effectiveness of the proposed
method is demonstrated. The contribution of this note is the idea
and process of determining the optimal trim state for aerial dock-
ing for the first time.

2. Problem formulation
2.1. Relative motion model

Fig. 1 shows the docking phase of an AR process, where the
origin of the system is at the center of the drogue of the tanker air-
craft. The continuous-time dynamics between the tip of the probe
and the center of the drogue in relative coordinates at the dock-
ing phase are considered at the docking phase. The state vector
AX = [AV Ay Ax Ah]T, whose elements represent the speed,
flight path angle, longitudinal distance and altitude of the tip of
the probe with respect to the center of the drogue, respectively.
The longitudinal dynamics of the aircraft focused lie on two rea-
sons: 1) it is more important than the lateral dynamics at the
docking phase; 2) the objective is to determine the optimal trim
state, for which longitudinal dynamics can simplify the problem
without loss of generality.

The longitudinal dynamics of the receiver aircraft are modeled
by using the reference frame shown in Fig. 2. The receiver aircraft
is subject to the force of thrust T, lift L, drag D and gravity G.
The state vector is X, = [V ¥+ xr h:1T, whose elements represent
the speed, flight path angle, longitudinal distance and altitude of
the mass center of the receiver aircraft, respectively. The control
input is u = [T, «;]T whose elements denote the thrust and the
angle of attack of the receiver aircraft, respectively. Therefore, the
longitudinal dynamics of the mass center of the receiver aircraft
are written as follows [17], [22]:
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Fig. 2. Longitudinal dynamics of the receiver aircraft.

Vr % (Trcosar — D (ar, Vi) —mgsiny;)
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The state vector of the tanker aircraft is x; = [V ¥ X h]T,
the elements of which represent the speed, the flight path angle,
longitudinal distance and the altitude of the tanker aircraft, respec-
tively. The state parameters V;, h; are assumed to be constant at
the docking phase, namely

Vi=0,% =V, by =0.

This implies y; = 0. To dock successfully, the receiver aircraft’s
speed should keep the same as the tanker aircraft. As a result, the
trim state of the dynamic system Eq. (1) is (Vo Yo To «o), where
Vo = V¢, Yo = 0. Based on the trim state and input, define

AV =V, = Vo, AYr =¥+ — V0,

AT, =Tr — To, Aay =y — Q.

Then, Eq. (1) is rearranged to

AV,
Ayr |
Axe | T
Ahr
-
AX;
B 1 (To + AT;) cos (o + Acty)
m\ =D (o + Acy, Vo + AVy) —mgsin (yo + Ayr)
1 (To + ATy) sin (oo + Aary)
m(Vo+AVr) \ +L (g + Aay, Vo + AV) —mgcos (Yo + Ayr)
(Vo+ AVy)cos ()’0 +Ayr)—Vo
L (Vo + AVy)sin(yo + Ayr)

fh0~V0 (AXr)
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Fig. 3. Relative position of the tip of the probe with respect to the mass center of
the receiver aircraft.

where the state vector AX, = [AV, Ay, Ax; AhT represents the
speed, flight path angle, longitudinal distance and altitude of the
mass center of the receiver aircraft with respect to the center of
the drogue, respectively. Here, the lift and drag are expressed as
[23]

L=3p(Vo+AV,)2CLS

, 3
D=1pVo+Av)2CpS ®)

where p is the air density which is determined by the altitude of
the tanker aircraft hy at the docking phase and S represents the
wing area of the receiver aircraft. The lift coefficient C; is a linear
function of o, given by

CL=Cry + Cr, (o + Acry), (4)

where Cy, is the lift coefficient at zero angle of attack and C;, is
the lift coefficient slope. The drag coefficient Cp is computed by
the following equation

Cp = Cp, + KC?, (5)

where Cp, is the zero lift drag coefficient which accounts for the
drag of the body, the slats, the flags and the landing gear. The con-
stant K is the lift-induced drag coefficient. According to Egs. (3),
(4), (5), the lift and drag depend on the parameters Vy and ho.
It implies that the speed and altitude of the tanker aircraft affect
the lift and drag of the receiver aircraft, and further determine the
dynamic model represented by Eq. (2).

2.2. Assumptions and objective

The relative position between the tip of the probe and the mass
center of the receiver aircraft is presented in Fig. 3. As shown, ¥, is
the angle of pitch, a and b represent the relative longitudinal dis-
tance and the relative altitude of the tip of the probe with respect
to the mass center of the receiver aircraft. The relative position be-
tween the tip of the probe and the center of the drogue is

AX = AX; + (acos ¥ — bsinvy) (6)
Ah = Ah; + (asin®, + bcos ;)

The following assumptions are further made.

Assumption 1. At the docking phase, the control inputs of the re-
ceiver aircraft are limited by

ATmin < ATy < ATmax 7)
Almin < Aoty < Almax |
Assumption 2. The speed and the flight path angle of the tip of
the probe are equal to those of the receiver aircraft, given by

AV = AV,

. 8
Ay = Ay (8)
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Remark 1. The pilot of the manned aircraft or the UAV autopilot
cannot change the control inputs aggressively during the docking
phase. Thus, Assumption 1 is reasonable. At the docking phase, the
pitch rate is small. Consequently, its effect on the speed and the
flight path angle of the probe is ignored. Thus, Assumption 2 is
also reasonable.

According to Egs. (6) (8), the relative motion between the cen-
ter of the drogue and the tip of the probe is expressed as

AX = g(AXy). 9)

Based on the Assumptions 1-2, the objective of this paper is to
study the optimal trim state, including the optimal altitude and
speed of the tanker aircraft at the docking phase by using the
reachability analysis method. The optimal altitude and speed will
be used to determine the trim state of the dynamic model de-
scribed by Eq. (2). The docking speed and altitude of the tanker
aircraft corresponding to the maximum volume of the reachable
set is regarded as the optimal speed and altitude at the docking
phase.

3. Computing procedure of the optimal trim state

For the docking phase of the AR process, the target set repre-
sents the state set of docking successfully and the reachable set is
the state set of the receiver aircraft from which the docking phase
can be completed within a finite time horizon t € [—7, 0]. The tar-
get set D and the reachable set pre; (D) can be regarded as the
zero level set of the cost function J(x,t) at t =0 and t = —7,
respectively. The reachable set pre. (D) is computed by solving
the following Hamilton-Jacobi Partial Differential Equation (HJ PDE)
[14]

D¢ J(x,t) = —H(X, Dx J (X, 1))
XeX,t<0 (10)
JX,0)= Jo(x), t=0

backward from t = 0 until H(X, DxJ(X,t)) ~0 or t = —t and
D¢ J(x,t) represents the derivative of the cost function J(x,t). All
the states of the target set D and the reachable set pre; (D) are
restricted by the state constraint set X.

For the problem considered in this paper, the target set with
respect to Ax showing in Fig. 1 can be expressed as

Dy = {AX € R*| J(AX,0) < 0}. (11)

Based on Eq. (9), the target set with respect to AX; can be written
as

Dy, = {AX € R J(g(AX:), 0) < 0}. (12)

Through Eq. (12), the target set has been transformed into the
range of states Ax;. Thus, the dynamic model AX; = fy; v,(AX;)
described in Eq. (2) is adopted to compute the volume of the
reachable set.

Given altitude and speed (ho, Vo) of the tanker aircraft at the
docking phase, the cost function J(x,t) is rewritten as

J(AXy, t, ho, Vo) = J(AXy, D)|ng, vy - (13)
The reachable set is denoted as
q>(h0, VO) = {AXT € Xr|](AXr, ta hOs VO) = O, —-T= t = 0}7 (14)

where X, represents the state constraint set of the docking phase.
The volume of the reachable set with respect to (hg, Vy) is de-
fined by
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Eq.(2) Egs.(10)(15)
D v Volume of
|::> AV, A, |::> Reachable set
Ax, Ah o(ho, Vo)

Fig. 4. Relationship between the docking speed V¢ docking altitude hg and the vol-
ume of reachable set ¢ (hg, Vo).

@(ho, Vo) = |P(ho, Vo)l, (15)

where || represents the volume of the reachable set. The relation-
ship between the trim state (hg, Vo) of the tanker aircraft and the
volume of the reachable set is shown in Fig. 4. The docking speed
Vo and altitude hg affect the volume of the reachable set through
determining the trim state of Eq. (2).

The objective of this paper is to obtain the optimal trim state
of the tanker aircraft at the docking phase. The optimal problem is
transformed to find the optimal altitude and speed of the tanker
aircraft to maximize the corresponding volume of the reachable
set. The optimization problem is formulated as

max (/)(h(), Vo), (16)
ho€lhmin:hmax]. Vo€[Vmin, Vmax]
where @(hg, Vo) is defined in Eq. (15). In the computing proce-
dure, the reachable set is calculated on each grid of the continu-
ous state space AX;. The value J(AX,t, hg, Vo) of each grid of the
reachable set is negative, thus the volume of the reachable set is
measured by the number of negative grids in the state space X.
Thus, the optimal target is rewritten as

max @(ho, Vo), (17)
ho€lhmin,hmax]. Vo €[V min, Vmax]

where @ (hg, Vo) is a function representing the number of negative
grids. The optimal solution to Eq. (17) can be seen as the approxi-
mate solution of Eq. (16), namely

hop, Vop) = ar max hg, V 18
(hop: Vop) = a8, ot aet Vo Vel 0 VO (18)
~ ar max @(ho, Vo).

ho€[hmin:hmax]: Vo €[Vmin, Vmax

The simulation time step is set to At =0.1s and the backward
computation time is t = —i x At, i =1, 2..., 10. The computing pro-
cedure of the optimal trim state of the tanker aircraft is presented
as follows:

Step 1. Initialize the state space, target set and the correspond-
ing grid points.

Step 2. For the specified docking altitude hy and docking speed
Vo, calculate Ty and op.

Step 3. Repeat

Solve the HJ PDE (10) at each backward computation time t =
—i x At to get the reachable set

until t = —1s or HX, DxJ (%X, t)) =~ 0.

Step 4. Calculate the volume of the reachable set for the selected
docking altitude hp and docking speed Vg according to ¢ (hg, Vo).

Step 5. Obtain the optimal docking altitude hop and speed V,,
which correspond to the maximum volume of the reachable set.

4. Simulation analysis on the optimal docking altitude and speed
of F-16 aircraft

4.1. Simulation description

A simplified nonlinear F-16 aircraft model is used to compute
the optimal trim state based on the computing procedure proposed
in Section 3. In this section, the system parameters of Eq. (2), the
control constraint set, the state constraint set, the target set at the
docking phase are provided.
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Table 2 Table 5
Physical parameters of F-16 aircraft model. Grid division of the state space.
Parameters m g S Parameters AV,(m/s) Ayr(deg) AXy(m) Ahy(m)
Value 20500 Ibs 9.8 m/s2 300 ft2 Range [—2,7] [—10, 5] [—4,0.5] [-1,1]
Grid numbers 40 30 20 20
Step size 0.23 0.5 0.23 0.1
Table 3
Related parameters of dynamic model. 1800 ! ] ; ! T
~O— h,=1000 i i i i
Parameters Cr, Ci, Cp, K a b < h”—2000:
16001 ' W -
Value 0.1 0.06 —0.021 0.35 3m 05m —£3-1,=3000m
,=4000m
_ 1400 L] —=h=5000m
3 —£— 1,=6000m
Table 4 2 ~)— h=7000m
Limits of the variations of the control inputs of the dynamic £ - h78000m
model. S ]
o
Variations of the control inputs Min Max E
AT, —2000N 2000N E
Aay —2° 20 g
(i) System Parameters. The physical parameters of the F-16 air-
craft model are shown in Table 2. The related parameters used in ; f 4 ) :
1 1 1 1 1

Eq. (2) are given in Table 3. The lift coefficient C; and drag coef-
ficient Cp are obtained through the linear interpolation in the lift
curve and drag curve of the F-16 aircraft [17].

(ii) Control Constraint Set. As presented in Section 2, T, =
To + AT, and ar = ap + Aay. As shown in Fig. 4, Tp and «g are
determined by the trim state (hg, Vo) of the tanker aircraft. The
limits of the control inputs of the Eq. (2) are provided in Table 4.

(iii) State Constraint Set. The Cartesian grid is used to approx-
imate the state space A}. The ranges of the states of the system
and the grid division are shown in Table 5. If the states are out
of the ranges, then the docking is considered to fail. The grid di-
vision needs to satisfy the Courant-Friedrichs-Lewy (CFL) condition
to ensure the stability of the computing results [20].

(iv) Target Set. A neighborhood around the desired final states
at the docking phase is chosen as the target set. For the considered
system, the target set with respect to AX is

Dy=1{ AxeR* J(AX,0)

max(AV — AVyp, AVipy — AV),

max(Ay — AYup, AViow — Ayp), <0
max(AX — AXyp, AXjgw — AX), = ’
max(Ah — Ahyp, Ahjy, — Ah)

= max (19)

where AX = [AV Ay AX ART represents the state vector of
each grid point and AV, =2 m/s, AV, = —0.2 m/s, Ay =
0.5°, Ayjow = —0.5°, Axyp =0 m, AxXjpy =—0.3 m, Ahyp =1 m,
Ahjpyw = —1 m which represent the upper and lower boundary of
the target set. Based on Eq. (19), the target set can be rewritten as

—0.2m/s < AV <2m/s,—0.5° < Ay <0.5°,
DX:{AXEW‘ —O.ém_foEOrfz,—lmfAhyflm }

(20)

At the docking phase y; and y; approach zero degree, namely
Ve = ¥ ~ 0°. Thus, in Fig. 3, ¥, ~ a;. The parameter «; is small
at the docking phase leading to ©, =~ 0°. Through the transforma-
tion of Eq. (12), the target set specified in the relative coordinate
system is expressed by

00—
V[,a=120m/s Vo=130mis  V;=140m/s V,=150m/s ¥, =160m/s V;=170m/s V,=180m/s
Fig. 5. Volume of reachable set at different altitudes and different docking speeds.

—0.2m/s < AV, <2m/s,

—0.5° < Ay <0.5°,

(=03 —am < Ax; <(—a)m, |’
(=1—=bm=<Ah, <(1-b)m

Dy, = { Ax, € R?

-

(21)

where the target set Dy, is a small hypercube.

Remark 2. The target set is a four-dimensional (4D) hypercube. So,
the function J(AXx,0) in Eq. (19) is not differentiable. However,
the HJ PDE can be still solved by a numerical method. According
to Eq. (19), the distance between each grid point and the boundary
of the target set can be obtained by the function “shapeRectangle-
ByCorners” in the ToolboxLS [20]. For the discrete grid points, the
derivative of J(AX;,t)|p,, v, can be computed.

Remark 3. The primary weakness of the reachability analysis
method is that memory and computational time requirements rise
exponentially with dimension. In practice, systems of dimensions
1~3 can be examined interactively [14]. The dimension of the lon-
gitudinal dynamics of the mass center of the receiver aircraft is
four. It is slow but feasible on a computer with sufficient memory.
Since the exact computation of reachable set is typically done off-
line, the over-approximating reachable set can allow for real-time
computation [15].

4.2. Optimal docking speed and docking altitude

In this section, the volumes of the reachable set at different
docking altitudes and speeds are depicted in Fig. 5. The computa-
tion of reachable set is typically done off-line in Matlab, and run
on a desktop with 2.4 GHz CPU and 2 GB RAM. The computation
time is 986.878 seconds at each discrete altitude and speed. Fur-
thermore, the computation time of the volumes of the reachable
set is 0.000046 s. The Matlab source code of the paper is presented
in our research group website http://rfly.buaa.edu.cn/resources|.
The altitude and speed of the F-16 aircraft at the docking phase
is confined to 1000 m ~ 8000 m with the interval 1000 m and
120 m/s ~ 180 m/s with the interval 10 m/s, respectively. The vol-
ume of the reachable set at discrete altitude and speed is
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Ah, =—0.05m

0 0
Ax, /'m Ax, /'m
Kl 1
2 . 2
002 ™~ et 001 ™ e
. T S 2
o~ 0 o~ _—
Ay, lrad 40> AV, Imls Ay, Jrad o6 v im/s A7 rad g0 AV./m/s
Ah, =0.05m Ah, =0.26m Ah, =04Tm
1 1 1
0 0 0
Ax,,/m1 Ax, /m y Axy/m»1
2 . 2l .. 2l
002 ™ ot 0.02 ™ e 002 ™ e
o 2 S e . T
0 ™~__—" 0™~ "0 0 ™~_ _—"o
Ay, Jrad 467 AV, Imls Ay lrad 405 AV mis  Andrad 5007 AV, Im/s

Fig. 6. Target set (green) and reachable set (red) for three-dimensional (3D) slices of the four-dimensional (4D) reachable set with the optimal altitude hop = 1000 m and the
optimal docking speed V,, =180 m/s. (For interpretation of the colors in the figure(s), the reader is referred to the web version of this article.)

RSij = ¢(h(i), V(}))
h(i) = 1000 + 1000 % i, i =0,1,2,...7 . (22)
V(j)=120+10%j, j=0,1,2,....6

From the obtained results in Fig. 5, three observations can be
concluded. (i) As the altitude changes from 1000 m to 8000 m, the
volume of the reachable set ¢(hg, Vo) is monotonously decreased.
(ii) The volume of the reachable set ¢(hg, Vo) at a high altitude
is always small regardless of the docking speed. (iii) As the speed
changes from 120 m/s to 180 m/s, the volume of the reachable set
@(ho, Vo) is monotonously increased. This implies that the faster
the tanker aircraft is, the bigger state space the receiver aircraft
can be operated in. Then, the optimal docking altitude hop and
optimal speed V,, are obtained by

(hop, Vop) = arg max @(ho, Vo). (23)

ho€lhmin,hmax1Vo €[V min, Vmax
They are hop = 1000 m and V,, = 180 m/s. The corresponding
maximum volume of the reachable set is @ (hop, Vop) =1710.

The reasons for these observations are summarized as follows.
(i) As the altitude is increased, the air density is decreased. There-
fore, the receiver aircraft should increase the speed to balance the
gravity and the drag force. Meanwhile, the maneuverability of the
aircraft becomes worse at a high altitude, resulting in a small vol-
ume of the reachable set. (ii) The air density is increased as the
altitude is decreased, and the maneuverability of the aircraft be-
comes better. Thus, the corresponding volume of the reachable
set is bigger. This implies that it is suitable for docking at a low
altitude. However, by considering the air turbulence and the oper-
ational risk of the pilots, it is better to dock at a medium altitude
and a medium speed for safety considerations.

The further explanation is provided as follows. The maneuver-
ability is roughly related to the feasible control input of an air-
craft. The larger the maneuverability, the more margin the feasible
control can offer, implying a larger reachability roughly [24]. Com-
pared with the maneuverability, the proposed reachability is more
exact as it has taken both control input and the system dynam-
ics into consideration. Often, the maneuverability of an aircraft is
measured by the normal load factor n, which can be expressed
as ny = L/G. The gravity G is constant. If the lift L is larger, its
corresponding normal load ny is larger, i.e.,, the maneuverability is
better. According to the Fig. 5, two cases are considered. In the first

case, the speed V is set to be constant and the altitude h; is set
to be higher than the altitude hy which are both between 1000
m and 8000 m. The air densities at the altitudes hy and h, are
supposed to be p; and po, respectively. The formula of the Mach
number is M =V /V,, where V, represents the speed of sound.
The Mach number at the altitude h; and h; are set to be M; and
M3, respectively. According to the formula of the lift L which has
been provided in Eq. (3), the lift at the altitude h; and h, can be
expressed as Ly = 1p1V2C, S and Ly = $02V2CL,S. As the alti-
tude is increased, the air density p is decreased, namely p1 < p>.
Meanwhile, the speed of sound V, is also decreased, implying
the Mach number M; > M, and the corresponding lift coefficient
Cr, < Cy,. Thus, the lift Ly is larger than the lift L1 and then the
maneuverability at the altitude h; is better. This means that if the
aircraft speed V is constant, then the volumes of the reachable set
at altitude hy is larger because the maneuverability at the altitude
h; is better. In the second case, the altitude h is set to be constant
and the speed V is set to be larger than the speed V, which are
both between 120 m/s and 180 m/s. According to the definition of
the lift L, the lifts at the speed Vi and the speed V, can be ex-
pressed as L1 = 3pV2C,S and Ly = 3pV2C,S, respectively. It is
obvious that the lift Lq is larger than L;. This implies that the ma-
neuverability at the speed Vi is better than that at the speed V.
Therefore, if the aircraft altitude h is set to be constant, then the
volume of the reachable set at speed V1 is larger than that at the
speed V5.

The Fig. 6 shows the 3D slices of the 4D maximum reachable
set. The 4D maximal reachable set is the largest controllable set
from which the receiver aircraft can dock successfully.

4.3. Verification

4.3.1. Verification by using LQR controllers

In this section, LQR controllers are used to verify the optimal
trim state at the docking phase. It is reasonable to adopt LQR con-
troller to verify the simulation results owing the fact that LQR
approach is often employed to design the docking control laws for
the AR process [3], [25], [26]. The number of docking success grids
of the reachable set at different altitudes and speeds within a spec-
ified time horizon is used to measure how difficult the docking is.
If the number is larger, it means that it is easier to dock with the
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Fig. 7. For different matrix Q and R, the numbers of docking success grid at different altitudes and speeds.

corresponding controller. The main steps of verification are shown
as follows:

Step 1. Calculate Ty and o at the docking altitude hg and dock-
ing speed V.

Step 2. Linearize the dynamic model of the system as in Eq. (2)
which is written as

AXr = A;AX; + Bru,

where
—£V03G —gcosy, 0 0
3 pVESCL—Tosinag+mg cos yo gsinyg 0 0
A= mv2 v ,
COS Yo —Vpsinyp 0 O
sin yp Vocosyo 0 O
—Tpsinag  cosag
m m
—To cosag sinagp
Br = mVy mVyg
0 0
0 0

Step 3. Each grid point of the reachable set at the selected dock-
ing altitude hy and docking speed Vy is taken as the initial state
of the LQR controllers (see the Appendix A for details). The con-
trollers are used to drive the state of the receiver aircraft into the
target set D. The control time is set to be 5 s, which is longer
than the backward computation time of the reachable set. This is
because the LQR controllers need enough time to converge.

Step 4. Record the number of docking success grid of the reach-
able set which can be defined as @(h;, V;) at different altitudes
and speeds.

The numbers of docking success grid for three LQR controllers
are depicted in Fig. 7. As shown, two observations can be con-
cluded. (i) The @(h;, Vj) is proportional with @(h;, V;). (ii) The
maximum number of the docking success grid for different LQR
controllers are 1207, 1353 and 1708 with altitude h; = 1000 m
and docking speed Vj = 180 m/s which corresponds with the max-
imum volume of the reachable set. The verification of the results
leads to the following conclusions. (i) The success rate of the LQR
controller is proportional with the volume of reachable set. (ii) It
is more suitable to design controllers at the optimal trim state at
the docking phase.

4.3.2. Verification by using degree of controllability

In this section, a degree of controllability (DoC) is adopted to
verify the effectiveness of the proposed method from another as-
pect. The linear dynamical model of the system is AX, = A;AX, +
B,u, where the control input u= [T, «;]7 € Q. The definitions of
recovery region and DoC are obtained according to [27].

Definition 1. For the linear dynamical model of the system, the
recovery region R within time t; is defined as

R (tr) ={Ax, (0) |Fu(t) € 2,t €0, t;], s.t. Axy (t;) =0} (24)
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Fig. 8. (Left) Three-dimensional surface and (right) two-dimensional curve of the value of pqoc at different altitudes and speeds.

Definition 2. For the linear dynamical model of the system, the
DoC p within time t; is defined as

Pdoc = inf | AX; (0)[| VAX; (0) ¢ R (tr) (25)

where |-|| represents the Euclidean norm.

From Definition 2, it is observed that the minimal distance from
the origin to the boundary of the recovery region is considered to
be the DoC of the system. The value of pgoc represents how con-
trollable the system is. The larger the value of pqoc, the stronger
the system control ability is. The values of pgoc at different alti-
tudes and speeds can be defined as pgoc(hi, Vj) which are shown
in Fig. 8. As shown in Fig. 8, the pqoc(h;, V;) is proportional with
@(hi, V). This shows the feasibility of our simulation results from
another aspect. The use of DoC is not used to replace with the
reachability analysis but is only taken as a verification for the
reachability analysis, because i) the target set is only zero rather
than a set as in Eq. (12) for reachability analysis here; ii) a linear
model is used rather than nonlinear model used for the reachabil-
ity analysis.

5. Conclusions

In order to improve the success rate of docking in an AR pro-
cess, the reachability analysis method is used to obtain the optimal
trim state of the tanker aircraft at the docking phase. The optimal
trim state is defined as the docking state of the tanker aircraft
corresponding to the maximum volume of the reachable set. First,
in order to find the optimal trim state of the tanker aircraft at
the docking phase, 4D relative motion model between the receiver
aircraft and the center of the drogue is proposed. Based on it, a
step-by-step computing procedure to obtain the optimal docking
speed and altitude is proposed. Then, the simulation on a sim-
plified nonlinear F-16 aircraft model is studied comprehensively.
From the simulation, the success rate of the proposed LQR con-
troller is proportional with the volume of the reachable set so that
the proposed method to obtain the optimal trim state of the tanker
aircraft is reasonable. Furthermore, a DoC method is also used to
verify the feasibility of the optimal trim state from another aspect.

For the simulation results, the brute force search method is
used to determine the optimal trim state. From the simulation re-
sults obtained, the problem seems like convex optimization prob-
lem. But it is difficult to verify the convexity of the simulation
results, the major reason for which is the function of the volume

of the reachable set is not easy to use an analytical function to ex-
press. But the convexity of the simulation results is also a problem
which is needed to be solved. The verification of its convexity of
the optimization problem is regarded as the further study.
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Appendix A
The LQR controller is used to drive the state of each grid into

the target set Dy,. The design process is summarized as follows.
First, introduce an integral term AX, = — f CT Ax;, where

c-| I

Let Axd =[Ax] AXT]T. Then

0010
0 001

AX? = AAX + Bu (26)
where

[ )]

The LQR controller is designed based on Eq. (26), where the ma-
trixes Q and R are given in three cases: (i) Q = diag(10, 10, 10, 10,
10, 10), R = diag(1, 1); (ii) Q = diag(100, 10,10, 10,10, 10), R =
diag(10, 1); (iii) Q = diag(100, 10, 10, 10, 100, 10), R = diag(10, 1).
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