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a b s t r a c t

Aerial refueling is capable of increasing the endurance and flight range of aircraft. However, during
the docking phase of aerial refueling, the docking risk increases as the receiver aircraft approaches
the tanker aircraft. A high docking risk indicates docking failure or even flight collision. In order to
guarantee docking reliability and safety, a stochastic approximation method is proposed to predict
the docking success probability during the docking phase of aerial refueling. If the success probability
is lower than the specified value, the receiver aircraft needs to increase its relative distance from
the tanker aircraft to reduce the risk. In our method, a stochastic differential equation is used to
model the relative motion between the receiver and tanker aircrafts, where the receiver aircraft flies
along a predefined flight path with influence of additive wind perturbations. The correlation between
the magnitude of wind perturbations and the distance between the receiver and tanker aircrafts is
considered. Then, based on the established relative motion model, the probability that the receiver
aircraft enters the target set during a given time interval is predicted by the Markov chain stochastic
approximation method. The docking success probability is computed by propagating the transition
probabilities of the Markov chain backwards starting from the target set during the time interval.
Comparing with the widely used Monte Carlo method in previous studies, our method demonstrates
substantial effectiveness and efficiency.

© 2021 Elsevier B.V. All rights reserved.
1. Introduction

Aerial refueling is capable of extending the endurance and
light range of aircraft in the aviation field [1]. During an aerial
efueling process, the receiver aircraft first breaks away from its
ormation, and then approaches the rear of the tanker aircraft
or docking. Once it completes refueling, the receiver aircraft
isconnects with the tanker aircraft and rejoins the formation.
herefore, an entire aerial refueling process can be decomposed
nto three phases: the approaching tanker phase, the docking
hase, and the rejoin formation phase [2]. This research focuses
n the docking phase, which is a very key step in an aerial
efueling process. Currently, the docking phase of a regular aerial
efueling process is performed by experienced pilots or the au-
opilot of the Unmanned Aerial Vehicles (UAVs). The docking risk
ncreases as the receiver aircraft approaches the tanker aircraft,
nd a high docking risk indicates docking failure or even flight
ollision. Therefore, an accurate risk evaluation of docking phase
s of great significance to flight safety [3].

∗ Corresponding author.
E-mail address: zhaozy@btbu.edu.cn (Z. Zhao).
ttps://doi.org/10.1016/j.asoc.2021.107139
568-4946/© 2021 Elsevier B.V. All rights reserved.
In the current aerial refueling research, many studies focus on
designing controllers to ensure accurate and safe docking [4,5],
while only a few researches concentrate on the safety analysis
of aerial refueling. Ref. [6] addresses the cyber–physical secu-
rity problem from a system viewpoint at the conceptual stage,
which provides a detailed and independent utility evaluation
for eliciting, defining, and understanding security and resiliency
requirements of aerial refueling platform at the design stage. Ref.
[7] designs a failsafe mechanism for autonomous aerial refuel-
ing based on supervisory control, which is a control logic that
guides what subsequent actions the autonomous receiver should
take, by observing real-time information of health status and
flight states of aircrafts. For studies concentrating on docking
risk evaluation, the existing approaches can be classified into
two categories: (1) Qualitative analysis: dividing a special region
around the drogue into different parts. In a research of NASA [8],
the special region around the drogue was divided into capturing
region, holding region and missing region. If the probe tip entered
the capturing region with the minimum vertical and latitudinal
velocity, it would result in a ninety percent success rate. Although
the division of the region was suggested by flight tests, it lacks
theoretical support. (2) Quantitative analysis: evaluating the risk
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Notations

ch latitudinal correlation coefficient
cv longitudinal correlation coefficient
N number of grid points
pkq(q) transition probability from the grid point q to

itself at the kth step
pkq′ (q) transition probability from the grid point q to

the grid point q′at the kth step
P (k)(q) docking success probability of the grid point q

at the kth step
tf end time of docking phase
∆t time sampling interval
Vt tanker speed
Vr receiver speed
∆x longitudinal distance between the probe tip

with respect to the drogue center
∆y latitudinal distance between the probe tip with

respect to the drogue center
∆h vertical distance between the probe tip with

respect to the drogue center
∆γ flight path angle of the probe tip with respect

to the drogue center
∆ϕ azimuth angle of the probe tip with respect to

the drogue center
γr flight path angle of the receiver aircraft
ϕr azimuth angle of the receiver aircraft
σi element of the diagonal matrix Γ
σ maximum value among σi(i = 1, 2, 3)
σh variation of latitudinal stochastic perturbation
σv variation of longitudinal stochastic perturba-

tion
δ grid size
D target set
X state constraint set
L state space
Q set of grids
Q0 interior grids of state space
∂QL boundary grids of state space
∂QX boundary grids of state constraint set
∂QD boundary grids of target set
Nq adjacent grids of specific grid point q
x̃rt relative position of the probe tip with respect

to the drogue center
α (̃xrt , t) drift term
β (̃xrt) diffusion term
a1(t) kinematic function of the probe
a2(t) kinematic function of the drogue
f (x, t) affine transformation of x in wind perturba-

tions
u(t) dynamics of the probe tip with respect to the

drogue center
z(t) Gaussian process
ρ (x) spatial correlation function
B (x0, t) standard Brownian motion for a specific posi-

tion x0
B (x, t) stochastic perturbation of current state x
I3 three-dimensional identity matrix
W(t) standard 3D Brownian motion
Γ variance of the stochastic perturbation
2

of docking phase with quantitative methods. Ref. [9] evaluated
the docking risk with the probability of the drogue center located
in a specific area. It computed the docking success probability
in a two-dimensional space without considering the longitudi-
nal distance between the receiver and tanker aircrafts. On this
basis, Refs. [10,11] took the longitudinal dynamics into consider-
ation during docking reachability analysis with Hamilton–Jacobi
equation. Although these studies promote the safety analysis in
the aerial refueling study and make a great contribution, a big
problem in them is that the wind perturbations are not consid-
ered. During the aerial refueling, the wind perturbations bring
randomness and uncertainties into the docking phase, making the
docking success nondeterministic even if the flight information of
the tanker and receiver aircrafts is accurately known.

In this case, the docking success problem is formulated into
a probabilistic reachability problem by taking randomness and
uncertainties in the docking phase into account, and the docking
success risk evaluation turns to computing the docking success
probability. An apparent approach to solve this problem is de-
riving an analytical solution of the docking success probability.
However, the docking process is complex and nonlinear, which
contains a large number of process variables. Thus, an exact
analytical solution of the probabilistic reachable set is difficult to
be obtained [12]. As an alternative, various numerical approaches
have been proposed to solve the probabilistic reachability prob-
lem, which can be classified into three categories [13]: (1) Model
abstraction: obtaining an abstract system that approximates the
original complex process [14]. The gridding technique, a typ-
ical method of model abstraction, uses grids to discretize the
state space, and generates a Markov chain as an approxima-
tion of the original process, and then calculates the probabil-
ity of the system remaining in certain permitted grids [15]. (2)
Over-approximation: obtaining an efficient over-approximation
of reachable sets. Polyhedral [16], hyperrectangles [17], ellipsoids
[18] and zonotopes [19] are usually used to approximate the
reachable set in a compact form. (3) Simulation: e.g., Monte Carlo
simulation. The probability of a system remaining in a permitted
area is obtained by randomly simulating many trajectories based
on system dynamics and counting the number of trajectories
that enter the permitted area [20]. The above three approaches
have their own advantages and limitations. For deriving a so-
lution of the docking success probability in the aerial refueling
scenario, the over-approximation approach may get an overly
conservative solution, and the simulation approach requires long
computation cost to get an accurate result. In addition, since
it is difficult to obtain a large amount of flight experimental
data (e.g. flight information of the tanker and receiver aircrafts,
magnitudes of wind perturbations, etc.), artificial intelligence-
based data-driven methods are also limited to effectively estimate
the docking success probability.

Considering the above deficiencies, this paper proposes a
stochastic approximation method for the probability prediction
of docking success, which belongs to the model abstraction ap-
proach. First, a stochastic differential equation is used to model
the relative motion between the receiver and tanker aircrafts,
where the receiver aircraft flies along a predefined flight path
with influence of additive wind perturbations. The correlation
between the magnitude of wind perturbations and the distance
between the receiver and tanker aircrafts is considered. Then,
based on the established relative motion model, the probability
that the receiver aircraft enters the target set during a given
time interval is predicted by the Markov chain stochastic approx-
imation method. The docking success probability is computed
by propagating the transition probabilities of the Markov chain
backwards starting from the target set during the time interval.
Finally, some comparative studies are provided to demonstrate
the effectiveness and efficiency of the proposed method.
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The main contribution of this paper lies in three aspects: First,
n order to consider the uncertainties and randomness brought by
he wind perturbations in the aerial refueling process, probabilis-
ic reachability is introduced to solve the docking risk evaluation
roblem by computing the docking success probability, which
s an innovative idea different from previous studies. Second, a
arkov chain stochastic approximation method is used to predict

he docking success probability based on a stochastic differential
quation of relative motion, which shows more advantages com-
ared with other numerical approaches and artificial intelligence-
ased data-driven methods for aerial refueling process. Third, the
orrelation between the magnitude of the wind perturbations
nd the distance between the receiver and tanker aircrafts is
onsidered in the modeling of wind perturbations, which is a
ore realistic and precise manner than modeling with a Gaussian
hite noise in previous studies.
The remainder of this paper is organized as follows. In Sec-

ion 2, the relative motion between the receiver and tanker
ircrafts with influence of additive wind perturbations is mod-
led, based on which the problem formulation is presented. In
ection 3, the Markov chain stochastic approximation method
s proposed, and the computation procedure of docking success
robability is presented in detail. Section 4 provides a com-
rehensive simulation case and presents comparative studies to
emonstrate the effectiveness and efficiency of the proposed
ethod. Section 5 gives the conclusions and indicates future

esearch.

. Modeling and problem formulation

Fig. 1 shows a diagram of the relative motion between the
eceiver and tanker aircrafts in the docking phase of aerial re-
ueling process, which contains two coordinate systems, namely
he earth-fixed coordinate system Og − xgyghg and the relative
oordinate system O−xyh. As shown in Fig. 1, Vt and Vr represent
he speeds of the tanker and the receiver aircrafts, respectively;
he symbols ∆γ and ∆ϕ refer to the relative flight path angle and
he relative azimuth angle between the probe tip and the drogue
enter, respectively; the symbols ∆x, ∆y, ∆h denote the longi-
udinal distance, latitudinal distance, and altitude of the probe
ip with respect to the drogue center. The origin of the relative
oordinate system is the drogue center, and the x-axis is aligned
ith the airspeed vector Vt of the tanker. The region in front of
he drogue in Fig. 1 represents the target set D [21], which is
efined as the successful docking region. If the probe enters this
egion, it means that the docking maneuver is successful.

ssumption 1. The flight path angle and the azimuth angle of the
anker are 0◦ in the docking phase, denoted as γt = 0◦, ϕt = 0◦.

ssumption 2. The flight path angle and the azimuth angle of
he probe tip are equal to those of the receiver aircraft.

emark 1. In the docking phase of aerial refueling, the attitude
f the tanker aircraft needs to be stable. Hence, Assumption 1 is
easonable. Furthermore, for the probe of the receiver aircraft,
here is no relative movement between the probe and the re-
eiver aircraft during the docking phase. Thus, Assumption 2 is
lso reasonable.

Based on Assumptions 1 and 2, the relative flight path angle
nd the relative azimuth angle between the probe tip and the
rogue center are ∆γ = γr − γt = γr , ∆ϕ = ϕr − ϕt = ϕr ,
here γr and ϕr represent the flight path angle and the azimuth
ngle of the receiver aircraft, respectively.
In the docking phase, wind perturbations are the main source

f uncertainties on the relative motion between the probe tip
 a

3

and the drogue center. Thus, the motions of the probe tip and
the drogue can be described with following stochastic differential
equations, respectively [22]:

dxr (t) = a1(t)dt + f (xr , t) dt + ΓdB (xr , t) (1)

dxt (t) = a2(t)dt + f (xt , t) dt + ΓdB (xt , t) , (2)

where the elements in state vector xr =
[
xr yr hr

]T represent
the longitudinal distance, latitudinal distance and altitude of the
probe tip in the earth-fixed coordinate system, and those in xt =

xt yt ht
]T represent the corresponding values of the drogue

enter. Functions a1: [0, +∞) → R3 and a2: [0, +∞) → R3

epresent kinematic functions of the probe tip and the drogue
enter in the earth-fixed coordinate system, satisfying

1(t) =

⎡⎢⎣Vr (t) cos γr (t) cosϕr (t)

Vr (t) cos γr (t) sinϕr (t)

Vr (t) sin γr (t)

⎤⎥⎦ , a2(t) =

⎡⎢⎣Vt

0

0

⎤⎥⎦ .

The value of a2 means that the tanker aircraft flies straightly
t a constant speed Vt . In Eqs. (1) and (2), the function f:R3

×

0, ∞) → R3 represents the wind perturbations, written as
(x, t) = r(t)x + 1(t), where r: [0, ∞) → R3×3, l: [0, ∞) → R3.
he function B:R3

× [0, ∞) → R3 denotes stochastic perturba-
ions, which is not a standard Brownian motion, but a function
elated to the current state x. However, B (x0, t) is a standard
rownian motion for a specified position x0 ∈ R3. The covariance
f B (·) can be represented as [23]:[
(B (x1, t2) − B (x1, t1)) (B (y1, t2) − B (y1, t1))T

]
= ρ (x1 − y1) (t2 − t1) I3 x1, y1 ∈ R3 t1 < t2, (3)

here x1 and y1 refer to the positions of the probe tip and the
rogue center, respectively, I3 represents the three-dimensional
dentity matrix and ρ:R3

→ R represents the spatial correlation
unction. Supposing that the drogue center and the probe tip are
n the same position, namely x1 − y1 = 0, then ρ (x1 − y1) = 1.
f the distance is infinite, then ρ (x1 − y1) = 0. This means that
he similarity between wind perturbations at the probe tip and
hose at the drogue center is negatively correlated to their relative
osition. The matrix Γ is used to characterize the variance of
he stochastic perturbations. For simplicity, Γ is assumed to be
constant diagonal matrix, denoted as Γ = diag (σ1, σ2, σ3).
Subtracting Eq. (2) from Eq. (1), the relative motion of the

robe tip and the drogue center is written as

x̃rt (t) = u(t)dt + r(t )̃xrt (t)dt + Γdz(t), (4)

where x̃rt = xr −xt = [∆x∆y∆h]T; u(t) = a1(t)−a2(t) represents
he dynamics of the probe tip with respect to the drogue center.
ased on Eq. (3), define z(t) = B (xr , t) − B (xt , t), where z(t) is a
aussian process with the covariance as[
(z (t2) − z (t1)) (z (t2) − z (t1))T

]
= 2 (1 − ρ (̃xrt)) (t2 − t1) I3 t1 < t2. (5)

he concrete proof of Eq. (5) is presented in the Appendix.
According to Eq. (5), z(t) =

√
2 (1 − ρ (̃xrt))W(t) is obtained.

Then, Eq. (4) is rewritten as

d̃xrt (t) = (u(t) + r(t )̃xrt (t)) dt +

√
2 (1 − ρ (̃xrt))ΓdW(t)

= α (̃xrt , t) dt + β (̃xrt)ΓdW(t).
(6)

Eq. (6) is a standard stochastic differential equation, where
(t) is a standard 3D Brownian motion, α (̃xrt , t) is the drift term,

nd β x̃ is the diffusion term. According to Eq. (6), the relative
( rt)
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Fig. 1. Relative motion between the receiver and tanker aircrafts.
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P

otion model between the probe tip and the drogue center is
xpressed as⎡⎢⎣∆x

∆y

∆h

⎤⎥⎦ =

⎡⎢⎣−Vt + Vr (t) cos γr (t) cosϕr (t)

Vr (t) cos γr (t) sinϕr (t)

Vr (t) sin γr (t)

⎤⎥⎦ dt + r(t)

⎡⎢⎣∆x

∆y

∆h

⎤⎥⎦ dt

+

√
2 [1 − ρ (̃xrt)]

⎡⎢⎣σh 0 0

0 σh 0

0 0 σv

⎤⎥⎦ dW(t). (7)

Here, x̃rt is restricted by the state constraint X ⊂ R3, where X
represents the range of the feasible relative positions between the
probe tip and the drogue center in the docking phase.

The spatial correlation function ρ (̃xrt) is expressed as:

ρ (̃xrt) = exp (−ch ∥̃xrt∥h − cv ∥̃xrt∥v) , (8)

where ch > 0 and cv > 0 represent the longitudinal corre-
lation coefficient and latitudinal correlation coefficient, respec-
tively. Their values reflect the correlation degree of the wind
perturbations between the magnitude of wind perturbations and
the distance between the receiver and tanker aircrafts in the
vertical and horizontal direction, respectively. In Eq. (8), ∥̃xrt∥h
and ∥̃xrt∥v can be expressed as

∥̃xrt∥h =

√
∆x2 + ∆y2, ∥̃xrt∥v = |∆h| . (9)

As described previously, a neighborhood region around the
desired final states in the docking phase is defined as a successful
docking region marked with target set D. For the relative motion
described by Eq. (7), the target set D is a cube as shown in Fig. 1.
It is reasonable to regard relative longitudinal distance, latitudinal
distance, and altitude of the probe tip with respect to the drogue
center as the concerning states in the target set D, since the
relative position between the receiver and tanker aircrafts in the
docking phase largely determines whether the docking process is
successful or not.

Given a target set D, the docking success probability for an
initial state x̃rt in the docking phase over a given time interval[
0, tf

]
is represented as

P ≜ P
{̃
xrt

(
tf
)

∈ D|̃xrt (0) ∈ X
}
, (10)

where tf > 0 represents the end time of the docking phase.

3. Docking success probability computation

3.1. General idea

A stochastic approximation method is proposed to predict
the docking success probability based on the Markov chain ap-

proximation, where the Cartesian grids are used to approximate

4

the state space [21]. With properly chosen transition probabili-
ties, the Markov chain converges weakly1 to the solution of the
stochastic differential equations.

The general procedure of determining the docking success
probability using the Markov chain stochastic approximation
method is described as follows.

1. State space division. As shown in Fig. 2, the state space is
divided into three sets, namely the target set D, the state
constraint set X , and the state set which is outside the
target set D but inside the state constraint set X , denoted
as L = X/D.

2. State space discretization. The state space L is divided into
a grid set Q with grid size δ > 0. The grid set Q of the
state space L is further divided into boundary grids ∂QL =

∂QX ∪ ∂QD and interior grids Q0 = Q/∂QL, as presented
in Fig. 2.

3. Markov chain establishment. The dynamics of grid transfer
is described with a Markov chain. As shown in Fig. 3, for
grid q, it is only allowed to transfer to the adjacent grids
and itself. The adjacent grid set Nq includes q1+, q1−, q2+,
q2−, q3+ and q3−, where qi+ = qi+ + ηiδ and qi− = qi− +

ηiδ. Here, ηi(i = 1, 2, 3) is related to element σi in the
constant diagonal matrix Γ and specifically expressed as
ηi = σi/σ (i = 1, 2, 3), where σ1 = σ2 = σh, σ3 = σv and
σ = max σi.

4. Backward propagation. The docking success probability of
the grids in the state space L is obtained by propagating
the transition probabilities of the Markov chain backwards
starting from the target set D.

3.2. Computation of transition probability of Markov chain

The transition probabilities of different kinds of grids in the
state space L are calculated as follows.
(1) If q ∈ ∂QL, the transition probability is expressed as

P
{
Qk+1 = q′

|Qk = q
}

=

{
1 q′

= q

0 otherwise
. (11)

Eq. (11) indicates that a grid q belonging to ∂QL will not
ransfer to other grids, since the set ∂QL is an absorbing region.
2) If q ∈ Q0, the transition probability from a grid q to an
djacent grid q′

∈ Nq is expressed as{
Qk+1 = q′

|Qk = q
}

=

{
pkq′ (q) q′

∈ Nq ∪ {q}

0 otherwise
, (12)

1 A sequence of points (xn) in a Hilbert space H is said to be converge weakly
if a point x in H satisfies lim f (x ) = f (x).
n→∞ n
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Fig. 2. State space and its partition.

Fig. 3. Graph description of Markov state transitions.

here pkq′ (q) represents the transition probability from grid q to
rid q′ at the kth step. Let ∆t be time sampling interval. Then,
k
q′ (q) can be expressed as

k
q′ (q) =

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

ξ k
0 (q)
Ck
q

q′
= q

exp
(
δξ k

i (q)
)

Ck
q

q′
= qi+, i = 1, 2, 3

exp
(
−δξ k

i (q)
)

Ck
q

q′
= qi−, i = 1, 2, 3

, (13)

where

ξ k
0 (q) =

2
λσ 2β(q)2

− 2n, ξ k
i (q) =

(α (q, k∆t))i
ηiσ

2β(q)2
,

Ck
q =

3∑
i=1

(
exp

(
δξ k

i (q)
)
+ exp

(
−δξ k

i (q)
))

+ ξ k
0 (q),

and λ is a positive constant which needs to be set small enough
such that ξ k

0 (q) is positive. This is guaranteed by the condition
0 < λ < 1

nσ2 maxβ(q)2
. According to Eq. (7), the definitions of

(q, k∆t) and β(q) are

(q, k∆t) =

⎡⎢⎣−Vt + Vr (k∆t) cos γr (k∆t) cosϕr (k∆t)

Vr (k∆t) cos γr (k∆t) sinϕr (k∆t)

Vr (k∆t) sin γr (k∆t)

⎤⎥⎦
+ r (k∆t)

⎡⎢⎣∆x (k∆t)

∆y (k∆t)

∆h (k∆t)

⎤⎥⎦
(q) =

√
2 (1 − ρ (̃xrt (k∆t))).

To ensure the accuracy of the calculation, the time sampling
interval ∆t is determined by λ and grid size δ, namely ∆t = λδ2.
5

Previous studies have proved that the above Markov chain con-
verges weakly to the solution of stochastic differential equation
when the grid size δ → 0 [24].

3.3. Backward propagation

In this part, the backward propagation of the Markov chain is
presented to calculate the docking success probability. The proba-
bility of entering the target set D for each grid q ∈ L is computed
by propagating the transition probabilities of the Markov chain,
backwards starting from the target set during the specified time
interval

[
0, tf

]
. For step-by-step backward propagation, let kf =

tf /∆t . Then, an initial condition is given as

P(kf )(q) =

{
1, q ∈ ∂QD

0, otherwise
, (14)

Then, for k ∈
[
0, kf − 1

]
∈ Z, the docking success probability of

the grid point q ∈ X is recursively calculated as

P (k)(q) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
pkq(q)P

(k+1)(q) +

∑
q′∈Nq

pkq′ (q)P (k+1) (q′
)
, q ∈ Q0

1 q ∈ ∂QD

0 q ∈ ∂QX

, (15)

where P (k)(q) is the docking success probability of the grid point
q ∈ X at the kth step; pkq(q) and pkq′ (q) represent the transition
probability from the grid q to itself and the adjacent grid q′

∈ Nq
at the kth step, respectively; P (k+1)(q) and P (k+1)

(
q′

)
represent the

docking success probability of grid q and the adjacent grid point
q′

∈ Nq at the (k+1)th step. The grid q ∈ ∂QD represents the
state in the boundary of the target set and ∂QD is an absorbing
region. Thus, the docking success probability is 1 when q ∈ ∂QD .
On the other hand, the grid q ∈ ∂QX represents the state
reaching the boundary of the state space X and ∂QX is also
an absorbing region. Hence, the docking success probability is 0
when q ∈ ∂QX . According to Eqs. (14) and (15), the docking
success probability of any grid point q ∈ X can be recursively
obtained.

In summary, the computation procedure of the docking suc-
cess probability is summarized as follows and its flow chart is
shown in Fig. 4.

Step 1: Initialize the state space X , the target set D, and the
state space L = X/D.

Step 2: Set the grid size δ and discretize the state space.
Step 3: Establish the Markov chain for each grid point q ∈ X ,

and compute its transition probabilities based on the relative
motion model between the probe tip and the drogue center.

Step 4: Define the initial condition according to Eq. (14). Then,
obtain P (k)(q) by propagating backwards from the initial condition
according to Eq. (15).

Step 5: If k = 0, output the docking success probability of the
whole state space; otherwise, go back to Step 4.

4. Simulation analysis

4.1. Simulation configuration

This subsection elaborates on the configuration of the param-
eters of the relative motion model and the approximated Markov
chain, the state constraint set, and the target set.

The docking phase is divided into two stages. The time interval
of each stage cannot be set too short as the control variables
cannot be changed frequently, especially for manned vehicles, so
we set its value to 1 s. Related parameters of the relative motion
model in the two time intervals are shown in Table 1 The positive
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Fig. 4. Flow chart of computation of the docking success probability.

able 1
imulation parameter configuration.
Time interval
(unit: s)

Parameter Value

[0, 1]

Vt 120 m/s
Vr 122 m/s
γr , ϕr 1◦

σh, σv 1
λ 0.015

[1, 2]

Vt 120 m/s
Vr 125 m/s
γr , ϕr
σh, σv

2◦

1
λ 0.015

constant λ is set to 0.015 which can guarantee ξ k
0 (q) in Eq. (13)

is positive. Note that the speeds of the receiver aircraft at the
two stages are set a little faster than those of the tanker aircraft,
because it can ensure the probe plunge into the drogue.

Considering the computational time requirements and the
stability of the proposed method, the valid ranges of the state
space and the grid division are shown in Table 2. If the states
are out of the valid ranges, the docking is regarded as failed.
According to Eq. (7), the target set is set with respect to x̃rt as:

D =
{̃
xrt ∈ R3

|−0.3 ≤ ∆x ≤ 0, −0.5 ≤ ∆y ≤ 0.5, −0.5 ≤ ∆h ≤ 0.5
}
.

(16)

c

6

Table 2
Grid division parameter.
Parameter ∆x ∆y ∆h

Range
(unit: m)

[−20, 1] [−10, 10] [−10, 10]

Grid numbers 95 100 100

Grid size
(unit: m)

0.2 0.2 0.2

4.2. Results and analysis

The simulation is divided into two parts. One part does not
consider the latitudinal deviation of the relative motion between
the receiver and tanker aircrafts while the other part does. In
the scenario where the latitudinal deviation is not considered
(Section 4.2.1), the simulation is performed in a two-dimensional
space which has a better visual display. In this scenario, three
cases are provided to show the computation result of the docking
success probability under the influence of wind perturbations,
different values of correlation coefficients and the flight states
of the receiver aircraft, respectively. In the scenario where the
latitudinal deviation is considered (Section 4.2.2), the simulation
is performed in a three-dimensional space. The docking success
probability under the influence of the three-dimensional wind
perturbations is presented.

4.2.1. Result without considering the latitudinal deviation
In this scenario, the receiver aircraft only needs to adjust its

longitudinal distance and altitude deviation between its probe
and the drogue of the tanker to complete the docking. Then,
Eq. (9) is rewritten as

∥̃xrt∥h = |∆x| , ∥̃xrt∥v = |∆h| . (17)

Case 1: In this case, the simulation results with and without
ind perturbations are compared. If wind perturbations are not
onsidered, it means that f(x, t) = 0. The longitudinal correlation
oefficient ch and latitudinal correlation coefficient cv are set to
.2 and 0.05, respectively. If wind perturbations are considered,
he function f (x, t) = r(t)x + 1(t) is set to be

(x, t) =

⎡⎣
1
5

0

0 −
1
5

⎤⎦[
x

h

]
+

⎡⎣3t
t2

5

⎤⎦ . (18)

The wind perturbations can be viewed as a clockwise swirling
indstorm as shown in Fig. 5. It can be seen that the position
enter of wind perturbations changes with time. Note that the
orm of l(t) does not affect the docking success probability since
his term will be removed in the relative motion model between
he probe tip and the drogue center.

The computed docking success probability is depicted in Fig. 6.
igs. 6(a) and 6(b) show the result without considering wind
erturbations, and Figs. 6(c) and 6(d) show the result considering
ind perturbations, respectively. The innermost rectangle repre-
ents the target set, and the envelopes outside it are probability
ontours. Fig. 6 depicts the predicted docking success proba-
ilities at different relative positions between the receiver and
anker aircrafts. It can be seen that the envelops of the docking
uccess probability bent counterclockwise due to the influence of
lockwise wind perturbations.
Case 2: To evaluate the influence of the correlation coefficients

n the docking success probability, the longitudinal correlation
oefficient ch and the latitudinal correlation coefficient cv are
et to different values. In this case, wind perturbations are not
onsidered, and the results are shown in Fig. 7. It can be seen
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Fig. 5. Wind perturbations at time t = 0 s and t = 20 s.
Fig. 6. Envelops of docking success probability in Case 1.
i
p
a

T
d
o

hat with the increase of correlation coefficients, the envelops of
ocking success probability enlarge to a certain extent. As shown
n Eq. (8), the longitudinal correlation coefficient ch and the
atitudinal correlation coefficient cv affect the spatial correlation
unction. If ch and cv increase, the variable ρ (̃xrt) which charac-
erizes the strength of spatial correlation in the random field B (·)
decreases and the term

√
2 (1 − ρ (̃xrt (k∆t))) increases.
7

Case 3: In this case, we study the influence of flight states
n receiver aircraft on the docking success probability. The two
arameters speed and flight path angle of the receiver aircraft
re set to different values for the time interval [0, 1]. Besides

the values in Table 1, Vr is set to 123 m/s and γr is set to 2◦.
he results are shown in Fig. 8. It can be observed that a fast
ocking speed and flight path angle correspond to a large envelop
f docking success probability, which means that the speed and
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Fig. 7. Envelops of docking success probability in Case 2.
light path angle of the receiver aircraft are sensitive parameters
or docking success. Furthermore, a faster docking speed and
arger flight path angle indicate that docking is more likely to be
uccessful in a short time interval.

.2.2. Result considering the latitudinal deviation
In this part, the latitudinal deviation is considered, which

eans that the receiver aircraft needs to adjust the longitudinal
istance, altitude deviation, and latitudinal deviation between its
robe and the drogue of tanker to complete docking. The wind
erturbations are set to be

(k∆t )̃xrt =

⎡⎢⎢⎢⎣
1
5
k∆t 0 0

0 −
1
5
k∆t 0

0 0
1
5
k∆t

⎤⎥⎥⎥⎦
⎡⎢⎣∆x

∆y

∆h

⎤⎥⎦ . (19)

The time interval is set to [0, 1]. Figs. 9(a) and 9(b) show the
result without considering wind perturbations, and Figs. 9(c) and
9(d) show the result considering wind perturbations, respectively.
The green cube refers to the target set and the isosurfaces with
different colors from inside to outside are docking success proba-
bilities with values of 0.2, 0.4, 0.6 and 0.8. From Fig. 9, we can
see that the docking success probability isosurfaces with wind
perturbations are smaller than those without wind perturbations,
which means that it is difficult to dock successfully with an
8

Table 3
Docking success probabilities of some representative grid points in the state
space.
∆x
(unit: m)

∆y
(unit: m)

∆h
(unit: m)

Probability

−2.79 −2.79 −4.31 0.1028
−0.52 −1.66 −3.55 0.2835
−0.14 −2.41 −3.55 0.3841
−1.26 −2.79 −2.79 0.4064
−0.14 −2.03 −3.17 0.5735
−0.52 −2.79 −2.03 0.6365
−0.52 −2.03 −2.79 0.7352

influence of three-dimensional wind perturbations. The docking
success probabilities of some representative grid points in the
state space are presented in Table 3.

4.3. Result verification

In this part, the Monte Carlo method [25] is used to verify
the results obtained in Section 4.2. The docking success proba-
bilities are computed with our method and Monte Carlo method,
respectively.

The procedure of using the Monte Carlo method to calculate
the docking success probabilities is summarized as follows.
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Fig. 8. Envelops of docking success probability in Case 3.
Fig. 9. Docking success probability isosurfaces with considering latitudinal deviation.
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Step 1: Initialize the state space, target set and grid division
according to Section 4.1.

Step 2: Select N = 1000 grids randomly in the state space.
or each grid qj(j = 1, . . . , 1000), the number of simulated

trajectories is set to be m = 100.
Step 3: The state variables corresponding to the grid point qj

are viewed as the initial state of Eq. (7). The variable W(t) in
Eq. (7) is a standard 3D Brownian motion, with mean value 0 and
9

covariance
√

∆t for dW(t). If qj enters target set D within the time
nterval

[
0, tf

]
, then nPMC,j = nPMC,j + 1.

Furthermore, the correlation coefficient adopted to evaluate
he relevance of results with these two methods is built as

=

N∑
j=1

(
Pj − P

) N∑
j=1

(
PMC,j − PMC,j

)√
N∑ (

P − P
)2 N∑ (

P − P
)2 , (20)
j=1 j j=1 MC,j MC,j
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able 4
omparison of simulation time of the two methods.
Time interval
(unit: s)

Simulation time of
Monte Carlo method
(unit: s)

Simulation time of
the proposed method
(unit: s)

[0, 1] 22.70 0.22
[0, 2] 38.17 0.32

where N represents the number of selected grid points, Pj and
MC,j denote the docking success probabilities with our proposed
ethod and Monte Carlo method, respectively. PMC,j is calcu-

ated as PMC,j = nPMC,j/m, where nPMC,j refers to the number of
rajectories entering the target set for the grid point qj within
he time interval

[
0, tf

]
and m denotes the number of simulated

rajectories. P and PMC,j represent the average probability of Pj

nd PMC,j, and can be denoted as P =

N∑
j=1Pj/N and PMC,j =

N∑
j=1PMC,j/N .
The computed correlation coefficient is 0.96 for t ∈ [0, 1] and

0.91 for t ∈ [0, 2], which can demonstrate the correctness of our
proposed method. Meanwhile, the comparison of simulation time
between these two methods is listed in Table 4. Note that the
simulation is performed with Matlab R2010a on a laptop with a
2.4 GHz processor and 2 GB RAM. From Table 4, it can be con-
cluded that the proposed method is more efficient than the Monte
Carlo method. The reason is that the docking success probability
of each grid is directly calculated by the proposed method, while
Monte Carlo method requires numerous simulations to obtain
identical result.

4.4. Discussion

Although the proposed method is more efficient than the
Monte Carlo method, it is still a kind of numerical method. The
computational cost is proportional to grid denseness for each
dimension, and the computational complexity grows exponen-
tially with the number of state space dimensions. The proposed
method can be used to easily analyze the system up to three
dimensions in practice. For five-dimensional scenario, it is also
feasible but requires long computation time. In this paper, the
relative motion model between the drogue center and the probe
tip is a three-dimensional model. Thus, the simulation results
can be easily obtained. If more parameters are considered in the
docking phase or more dimension of the relative motion model
is used, the limitation of proposed method makes it cannot be
used in online results computation. To overcome this limitation,
more docking success probabilities can be calculated to establish
an off-line database under the scenario of different parameter
settings and more forms and intensity of wind perturbations.
Then, based on the database, an intelligent recognition method is
required to be studied to generate the docking success probability
according to real-time wind perturbations and flight states of the
receiver aircraft. This method could achieve real-time docking
risk evaluation, which also makes the research results better
applied to practical engineering applications.

5. Conclusion

In this paper, a Markov chain stochastic approximation method
is proposed to predict the docking success probability at the
docking phase of aerial refueling. The docking success probabil-
ities of different grid points in the state space under influence
10
of wind perturbations are predicted by the proposed method.
The effectiveness and efficiency of our method are demonstrated
with simulation. The studied method and corresponding results
have significant meaning for aerial refueling safety. In practice,
the research result of this paper can be used as a reference for
pilots during aerial refueling. If the docking success probability
is lower than a specified value, the receiver aircraft pilot needs
to increase the relative distance between the receiver and tanker
aircrafts to reduce the docking risk, and adjust the flight state
to dock again. In future research, there are two aspects could be
further studied. First, more parameters need to be considered to
coincide with the practical docking phase of aerial refueling. In
this case, new numerical methods should be studied to reduce
the computational complexity. Second, autonomous control algo-
rithms corresponding to different docking success probabilities
should be studied to make the docking highly reliable and safe.
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Appendix

Proof of Eq. (5). Since z(t) = B (xr , t) − B (xt , t), it has

E
[
(z (t2) − z (t1)) (z (t2) − z (t1))T

]
= E

[
(B (xr , t2) − B (xt , t2) − B (xr , t1) + B (xt , t1))

(B (xr , t2) − B (xt , t2) − B (xr , t1) + B (xt , t1))T

]

= E

[
((B (xr , t2) − B (xr , t1)) − (B (xt , t2) − B (xt , t1)))

((B(xr , t2) − B(xr , t1)) − (B(xt , t2) − B(xt , t1)))T

]
.

(A.1)

Expanding the above equation, we have

E

[
((B (xr , t2) − B (xr , t1)) − (B (xt , t2) − B (xt , t1)))

((B(xr , t2) − B(xr , t1)) − (B(xt , t2) − B(xt , t1)))T

]
= E

[
(B(xr , t2) − B(xr , t1)) (B(xr , t2) − B(xr , t1))T

]
−E

[
(B(xt , t2) − B(xt , t1)) (B(xr , t2) − B(xr , t1))T

]
−E

[
(B(xr , t2) − B(xr , t1)) (B(xt , t2) − B(xt , t1))T

][ T]
(A.2)
+E (B(xt , t2) − B(xt , t1)) (B(xt , t2) − B(xt , t1)) .
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ombined with Eq. (3), Eq. (A.2) can be rewritten as[
((B (xr , t2) − B (xr , t1)) − (B (xt , t2) − B (xt , t1)))

((B(xr , t2) − B(xr , t1)) − (B(xt , t2) − B(xt , t1)))T

]
= ρ (xr − xr) (t2 − t1) I3 − ρ (xt − xr) (t2 − t1) I3

−ρ (xr − xt) (t2 − t1) I3 + ρ (xt − xt) (t2 − t1) I3

= ρ (0) (t2 − t1) I3 − ρ (xt − xr) (t2 − t1) I3

−ρ (xr − xt) (t2 − t1) I3 + ρ (0) (t2 − t1) I3

= 2ρ (0) (t2 − t1) I3 − ρ (xt − xr) (t2 − t1) I3

−ρ (xr − xt) (t2 − t1) I3.

(A.3)

ubstituting with ρ (0) = 1, x̃rt = xr − xt and ρ (xr − xt) =

(xt − xr), Eq. (A.3) is[
((B (xr , t2) − B (xr , t1)) − (B (xt , t2) − B (xt , t1)))

((B(xr , t2) − B(xr , t1)) − (B(xt , t2) − B(xt , t1))) T

]
= 2ρ (0) (t2 − t1) I3 − ρ (xt − xr) (t2 − t1) I3

−ρ (xr − xt) (t2 − t1) I3

= 2 (t2 − t1) I3 − 2ρ (xr − xt) (t2 − t1) I3

= 2 [1 − ρ (xr − xt)] (t2 − t1) I3

= 2 [1 − ρ (̃xrt)] (t2 − t1) I3 t1 < t2.

(A.4)

ccording to Eq. (A.1), it is obtained

[z(t2) − z(t1)] [z(t2) − z(t1)]T

= 2 [1 − ρ (̃xrt)] (t2 − t1) I3 t1 < t2. (A.5)

he proof is concluded.
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